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Abstract: In this paper, we investigate the vector-valued measures, absolutely continuous measures, and the Bochner-
Radon-Nikodym property for Banach spaces. These types of studies have a plethora of applications in stochastic
processes, representation theory, and recently in neural nets. We establish the necessary and sufficient conditions that

Banach space possesses the Radon-Nikodym property.
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1. Introduction

This article is dedicated to the Phillips-Radon-Nikodym theory for Banach space vector measures. In 1933, the
vector-valued measures were introduced by S. Bochner in [4], where the concept of integration was extended
to vector-valued functions such generalization is implemented as the limit of integrals of simple functions, first,
defining the integral of simple functions. Recently, vector-valued measures and Banach space integrals have
found wide applications in neural networks, probability theory, and stochastic processes of martingale-type [11]

and references therein.
Traditionally, the Radon-Nikodym theorems have three different intertwined features: measure theoreti-

cal, structural geometrical, and operator theoretic. In [4], S. Bochner constructed the integral of vector-valued
functions and showed each vector-valued function with a bounded variation on the unit interval, which has al-
most everywhere derivative can be restored by the Bochner integral procedure almost everywhere. G. Birkhoff
generalized Bochner’s results to include infinitely dimensional Hilbert and some Banach spaces [2], G. Birkhoff
showed that, in Hilbert spaces, an absolutely continuous function can be recovered from its derivative by
Bochner integration procedure, in modern interpretation, a vector-valued function determines a continuous
linear functional in the given Hilbert space via scalar product then application of the Riesz representation the-
orem provides the existence of the Riesz representation that provides the wanted derivative, namely, there is a
connection between an absolutely continuous function and a uniquely defined vector via the inner product [2,
3].

A review of classical literature can be found in the works of J. Diestel J.J. Uhl [7], P. R. Halmos [10],
and N. Bourbaki [3]; contemporary views in research of Z. Wang, G. J. Klir [22, 23, 24] and recent paper
of S. Okada, J. Rodriguez, and E. A. Sanchez-Perez [19]; D. Chen [5]; M. Martin and A. Rueda Zoca [18];
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and references therein. Structural features of the Radon-Nikodym theory were studied by M.A. Rieffel in [20,
21], who developed the notion of dentablity for general Banach spaces and showed that dentablity equals the
possession of the Radon-Nikodym property for a given Banach space.

The remainder of the paper is organized as follows. In Section 2, we consider properties of Bochner
integral in Banach spaces and some of their possible generalizations, In Section 3, we investigate the connection
between the geometrical structure of a Banach space and its possession of the Radon-Nikodym property due to
Rieffel ideals of dantablity of subsets of the Banach space. Section 4 is dedicated to three weak variants of the
Radon-Nikodym theorem.

2. The Radon-Nikodym property for Banach spaces

Let X,Y and Z be separable reflexive Banach spaces. Let (F,X, ) be a o-finite measure space. Let be a
-finite measure with finite variation .
We assume A : X XY — Z is a bilinear bounded mapping such that

1A (a,b)l[ < llallx [1blly (1)
forall a€ X and be€Y. We denote A (a,b)=ab forall a€ X,beY.

Definition 2.1. A o-finite measure p is called decomposable if there is a collection {D,} of disjoint sets such
that p(Dq) < oo for all cand p (D) =>"_ pu(DND,) for all .

We always suppose that the measure p is decomposable.

Definition 2.2. For each D € ¥, the variation of a vector measure 7 is the scalar set function defined by

VaT(n)(D)=I77I(D)=§}1]§) > le®B)lx (2)
BeTI(D)

where supremum is taken for all collections {B} of partitions IT (D) of a set D.

Definition 2.3. The general Bochner integral, of a simple function y : £ — Y defined by

x(@) = Y alp (x)
i=1,....k
here 1p,is the indicator functions of disjoint sets B; € ¥ and a; € Y, is defined by

/E x@dn@) = Y AmB)a)= 3 am(B)ez 3)
i=1,...k

i=1,....k

Definition 2.4. The space S (E,Y,u) consisted of all simple functions x : E — Y. A sequence {xx} C
S(E,Y,u) is called to be fundamental in mean if

lim N (xx — Xm)= lim Xt — Xmlly dp = 0. (4)

k,m— o0 ksm—oo Jp
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Definition 2.5. A function f: E — Y is vector integrable with respect to vector measure 7 if there exists
a fundamental sequence {xx} of step functions convergent p-almost everywhere to f and the integral of f is

given by

[ fan= 1 [ (5)
E k—o0 E

Definition 2.6. The space L' (E,Y,n) is a vector space of all n-integrable functions f : E — Y and with

linear operation defined by

[ @r+snyan=a [ gan+s [ ginez (6)

for all f,g € L' (E,Y,n) and all scalars a and 3.

Lemma 2.1. Let v : 3 — Z be a o-additive vector measure and f : E — Z be a function such that for each
& e Z* we have

(D)€ = [ (& 7)
for all . Let f: E — Z be v-measurable, then the identity
v )= [ fau (8)
D
holds for all .

Proof. Indeed, for each , there is an increasing sequence of sets {Dj} C ¥ such that u(Dy) < oo for all k and

D =,{zeD:|f(x)|, <k} so that every set is a non-more than a countable union of sets of D of finite

< 5 fdu,§> =/D (,€) dy

/ (f.€) du = (v (Dy) . )
Dy,

measure (. So, we have
for each ¢ € Z*, and

and

(v (Dy) ) < 5 fdu,5>,

therefore, we conclude

v(Dy)= [ fdu
Dy,

and for finite measure, the statement is proven. Now, let 5 € Z* then a measure v (5) be defined by
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for all C € 3. We obtain

v (€) (D) = (v(Dw).£) = < Dkfdu,§> :./;k<f,5>du-

Thus, we obtain the Pettis-Bochner integral formula

v() = [ sy

for all . ]

Theorem 2.1. Let n: X — LB (Y, Z) be a -finite measure with finite variation ¢ = Var (n). Then, the density
U:E — LB(Y,Z) is such that the equality

(D)6 = [ ¥ (@) Cdu (o) (9)
D
holds for all ( €Y and all .

Proof. If a function f:FE — Z is weakly pu- measurable and locally separable then the function f is strongly
p-measurable. Then, the function f: F — Z is defined by f = ¥ (z) ¢, which proves the theorem.

Now, we assume II is the set of all finite partitions = = {B;} of B € ¥ so that u(B;) > 0. We
assume that, on II, there is the order of refinement of partitions. For each partition 7 = {B;}, we introduce

the step function

_ n(B;) ¢
= 2B

so that

/‘ﬂmw:MBnc
B;

forall (€Y and all B; € .
Each partition m € I generates the o-ring R (w), which is the collection of all finite unions of sets
of the partition m. Let {m;} is an increasing sequence of partitions m; € II. Then, {R(m)} there is
an increasing sequence of o-rings so that there is a union [|J, R (7;) that is a countable ring. The ring
Uy R (mx) generates the o-ring = C ¥. We consider restrictions f = p|/Z and 7 = 7(-)(|Z. Then,
v:=2—Z=LB(J,R(m),Z) is a measure with finite variation Var () < Var (n(-)¢) for all ( €Y so that
U < [i. The average range Ar(B) for all B € X of 7 is given by
n(D)

AT(B)_{/J,(D :DeEmB},

~—

similarly, for all B € 2, we have

Ar(B) :{ﬁ(D) :Deamé}.
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We denote VU: B — LB (Uk R (k) ,Z) so that

7 (B) = /Bifdﬂ

for all B e =.
For every k, we define a conditional expectation FEj by

= 3 o= [, s

Demy,

we assume f is step function f = )" a;1p, (x) where B; € |J, R(m) and a; € Z. For each step function f,
we find a number k (f) such that B; € U,_; ) B (k) for all k >k (f) so that

le~ Zalu (BNB;)=f.

Demy,

The operators Ej, are contraction projections on L' (fi, Z) so that Ej (f) — f € L' (fi, Z) for all elements
f € L' (1, Z) hence the set of all step functions is dense in L' (i, Z), and,

Z 1D p Zaz,u fm

Demy,

so that the sequence {fr,} is a fundamental in L' (u,3, 7).
We find a partition 7p € Il containing D so that

/wadu:/waDdu:n(D)C
D)Cz/Dfdu-

for all m# > wp. Thus, we prove that

Statement 1. We show that the identity

Var (1) (D) = [ 1 @)l du @

holds for all D € X.

Proof. Straightforwardly by N. Dinculeanu results, we have

Var (n /nf )l dp ()
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for all D € X. To show the reverse, we consider a fixed D € ¥, ¢ > 0 and a disjoint partition == {B;} so
that |J, B; = D, we obtain

/I )l dp(x <Z| O +e
<Z||77 i)z +e<Var(n) (D) +e,

where £ € Z and

If (@)l z = sup {[(f (2),8)]: €]l 7. <1}
cezx

for all x € E. By the Radon-Nikodym theorem, there is a positive function ¢ such that

Var(n / ¥ (x) dp (z

for all D € X. Thus, we deduce
[(f (@),8)] < v (x)

for p almost all z.

3. Deniability and its application to Radon-Nikodym property

In 1967, M.A. Rieffel introduced the notion of dentability, which provides the tools to establish a correlation
between the structure of a Banach space and the Radon-Nikodym property [20, 21].

Definition 3.1. Let Y be a Banach space. A bounded subset D of Y is called dentable if for any € > 0 there
is an element € (¢) € X such that & (¢) ¢ clos (hull (D\Bc (£ (€)))), where clos is the closure of a convex hull,
and B¢ (£(g)) is a ball of radius e centered at £ (¢).

Statement (Rieffel) 2. All relative norm compact subsets of a Banach space Y are dentable.

Proof. For each extreme element ¢ of norm compact convex subset D, we obtain that the closure of
D\ B: () does not contain ¢ for any & > 0. The Krein—Milman theorem yields that £ ¢ clos (hull (D\B: (£))).
Statement (Rieffel) 3. If clos (hull (D)) is dentable then subset D is also dentable.

Proof. Let &> 0 then we find an element ¢ ¢ clos (hull (D)) such that
£ ¢ clos (huu (clos (hull (D)) \Bs (5))) .

We select

¢ € D\clos (hull (czos (hull (D)) \Bs (5) ))

then ¢ € B: (5) therefore we have
§ & clos (hull (D\B: (€))) -
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Definition 3.2. Let Y be a Banach space. A bounded subset D € X is called (&, ¢)-pure for vector measure

1 with respect to p if % € B. (&) for all B C D such that u(B) < co.

A convex subset D € Y is called strongly smoothable if there exists some ¢ € Y'\clos (D) and some
CeSY*)={ceY™*:|s|| =1} such that

{geBMY):((g) ZE}Cclos (U{T(Df):720}>

for each € > 0.
Let X = ©*, then a convex subset D € Y is called weak-star smoothable if there exists some

& € Y\weak*clos (D) and some ¢ € © such that

{ée B (X):(:(g) Zs} C clos <U{T(D—§):TZO}>

for each € > 0.
Proposition 3.1. Let D € Y be a closed convex bounded subset and let 0 € D. Then, we have
1) for a subset D to be dentable it is necessary and sufficient that the set D° = {¢ € Y* : sup (s, D) < 1}

be strongly smoothable;

2) for a subset D to be strongly smoothable it is necessary and sufficient that Dy =
{é € O :sup <§~, D> < 1} be weak-star dentable.

Proposition 3.2. Let D € Y be a closed conver subset. Let C € Y* be a closed convex weak-star subset.

Then, we have
1) D is dentable if and only if weak*clos (imagy =~ (D)) is weak-star dentable;
2) set C is dentable if C is weak-star dentable;

3) weak*clos (imagy« (D)) is weak-star strongly smoothable if D is strongly smoothable.
The main theorem for dentable spaces.

Theorem 3.1. Let Y be a Banach space. Let (E,%, ) be a -finite measure space. Let n: 3 —Y be a vector

measure. Then, there exists a Bochner integrable function f: E — 'Y such that the identity

0(D) = /Df<:c> dy ()

holds for all if and only if:
1) from p(B) =0 follows n(B) =0, BeX%;
2) ¢p=Var(n) < oo ;
3) the average range of n is locally dentable set, namely, for given with finite measure, and any € > 0

there exists a subset B C D such that u(D\B) < ¢ and the average range.

Ar(B) = n<é> :BQB,M<B) >0

#(5)
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is a dentable set.

Proof. Let II be the set of all finite disjoint partitions 7 = {B;} of B € X so that p(B;) > 0 as previously.

Then, IT is a directed set, for each partition = € II we define a simple function by
n(B)1lp
Fa= > S
i n(B)

For any ¢ > 0, we find a 7 € II such that

Ifx = fall <e
for all 7 = 7. Since ¢ = Var (n) < oo there is a finite measure set C € ¥ such that ¢ (E\C) < 5. From 1),
we can find 0 > 0 such that pu(B) < follows ¢ (B) < §. O

Lemma 3.1. (Rieffel ) 2. Let Y be a Banach space. Let (E,%, u) be a -finite measure space. Let n: X —Y
be a vector measure. Let 1), 2), and 3) as above. Then, for any € > 0, there are sequences {&;} C Y and

{B;} C ¥ such that B; is (§,¢€)-pure for vector measure 1 with respect to p for all i, and E =J; B;.

The proof is given by M.A. Rieffel in [20, 21].
By the Rieffel lemma, for any ¢ > 0, there are sequences {£;} C Y and {B;} C ¥ such that disjointed

B; is ({i, ﬁ) -pure for vector measure n for all ¢, so that g (B;) >0 and D = |J, B;. There is a number

,,,,,

Since {f.} is a mean fundamental, we can find an integrable convergent in mean function f such that

/D fdy = lim /D Frdp

for all .
If 4 (D) =0 then we have

n(D)Z/Dfdu

since the measure n is p-continuous.

If 0< p(D) < oo then we obtain
/ frdp =1 (D)
D

for all partitions 7 > 7 thus we conclude

n(D)Zli;n/Dfndu:/Dfdu,

which proves the theorem.

As a consequence, we have the following theorem.

Theorem 3.2. The Banach space possesses the Radon-Nikodym property if and only if each closed convex
bounded subset of this Banach space is dentable.
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Proof. We assume that Banach space Y possesses the Radon-Nikodym property. Then, we must show that

each closed convex bounded subset D of Y is dentable. We assume the reverse that D is closed convex
bounded non-dentable subset of Y and we presuppose that D belongs to unit ball in Y .

We take 0 < e < 1 such that from ¢ € D follows ¢ € clos (hull (D\B: (§))). We consider the
interval [0,1) with the standard Lebesgue measure X on it. By induction, we define the monotone sequence

Zg i 2k C Zgyq ) of finite set algebras and additive mappings
+ g pping
{ﬂk 2 — Y}

such that
1) the atoms of ZEj partition [0,1) into half-open intervals {117]@,[2}]“ - Ij(k)’k};

2) %) e D forall k and all 1<i<j(k);

3) from Ij 41 C I; follows

H U1 Ligr1) D1 (Li) 2k — 15'
(L k1) MIik) ly 2k 7
4) we have Uy (B) — V41 (B)lly < 55 A(B) for all B € Zg;
5) |9k (B)|ly < A(B) forall B e Ey;
6)
U (B) Y41 (B) =
A (B) AN(B) |y ~ 2k

for all B € Ej such that A(B) > 0.
We take Zg = {0,[0,1)} and any & € D and we define ¥y (#) = 0 and g ([0,1)) = & . Assuming

that D is non-dentable set then there is a set {01,17 e O (1),1 ¢ Q(1),5 > 0} such that Zi:l, 1) Qi1 = 1

cesdi(
and a1 € D. We have

—aia|| > 6o —&ially > €

H o ([0,1))
y

A([0,1))

and

Yo ([0,1)) €
N(0.1) i_l;j(l)&i,ﬁi,l ) = |60 — iﬂ;j(l)oémfm ) < o5
We split [0, 1) into finite disjoint partition of half-open intervals {Il,l, Ira, ... [j(k)ﬂ} so that A(I;1) =
&.1. Then, the algebra Z=; is a collection of subsets [0,1) generated by {1171,.7271,...,]]4(@71}. We define
U1:21 =Y by U1 (L) =& forall 1<i<j(l).
By induction, we assume that = and 9 are defined and Z=j is a disjoint collection of half-open

intervals {Il7k»,]27k,...,[j(k—),k}, and 19;((11::)) € D for each 1 < i < j(k), next, we define Zpi1 and Yp4q

so that there are {ay (1), ...,asq) (1) : o (I) > 0}, et s (1) =1, and {& ), .. &u () : & (1) € D}
such that

Uk (L1,k)
fi (Z) - A (Il,k)

Y
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and

Y

{Jl (l),JQ (l),...,JS(l) (l)} such that /\(Jl (l))
ML) a; (1) forall 1 < i < s(I). So, algebra Zj11 is generated by {J1 (1), J2 (1), ..., Jyq) (1)} for 1 <1< j (k)
and VYp4q is defined Fp11 (J; (1)) = A (J; (1)) & (1) on Zgyy.

It is easy to see that 1) -2) are satisfied. 3) is following from the estimate

We split [, into pairwise disjoint half-open intervals

U1 (Ji ()~ Ok L) || _ o |l gy — Vpt1 (Ji (1))
’ A(Ji (1) AMIk) |y = &0 i_l;s(l) A (1) y
O (i,r)
— &) - NOYEI0] N S et
& () ‘_125(”04()5() > ||& () M) |y
o Y
ﬁk (Il,k) g - Qk -1
|z, e =S EEEs e
4) can be obtained as follows
9% (Tk) = k1 (Tp)lly = |06 (Tp) = D> Onga (Ji (1)
i=1,...,s(1) v
= [0 (Ie) = D Alx) e (D& (1)
i=1,...,s(1) v
= A(I) i"g”“)) - Y a&w <>\([lk)2ik
Lk =1,...s() v

so that

19 (B) = 01 (B)lly <A (B) o

forall BeZ.
We denote A =[], Z an algebra of subsets of [0,1). There is a limit

k—oco

¥ (B)

for all B € A. The set function ¢ : A — Y is o-additive and strongly additive on A = |J, Ex and
|9 (B)|ly <A(B) forall B e A. Thus, the application of the Kluvanek extension theorem yields the existence

of a o -additive set function o := — Y, which coincides with ¢ on A, where = is a o-algebra generated
by set algebra A.
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We have
(7.9 ®))| -

lim 37 (1.9 (5.)
S (£ <im 3|19 (B))]

<lim) A (Bj)=A(B)

= lim
s

so that Hﬁ (B)HY < A(B) for all B € Z, which means that 9 has a bounded variation.

By the Radon-Nikodym property, we have that function ¥ is differentiable with respect to measure A
so that

&(B):/fdA
B
forall BeZ.

For fixed B € 2, )\(B) >0,wecanfind B€Z, BC B and A(B) > 0 such that 0<A7"(B) <15

but if we prove that Ar (B) > i for all B € = such that A(B) > 0 then we obtain the contradiction and

each subset must be dentable.
For 4 <k, we have

g1 Lipg1) 9 (Lk) s €
ALy k11) A ULik) y 2
and
Pe(lnper1) _ 9elin) Or1(ints)  Oeprliw) || |19eUnk)  Fxt1 k)
A1, k+1) AMk) ||y = AT, k+1) Aek) |y ) M)y
ki Ue1)  9eikt1)
Ay k11) AUe+1) ||y
ok _q e Yg(Le+1) Vg1 (Trk41)
> Sk € T 3% Zq=k+1,4..,t—1’ AT kt+1) Aik+1) ||y
2k_1 e g £
2 S —oF — Eq:kJrl,‘..,tfl 24 > 3

where t > k4 1. We pass to the limit as t — oo.
For each C € 2, A(C) > 0, there is a subset B € A such that

A(B\C) + A (B\C) < %A (©)

so that
A(B\O) < f—G/\(C’) —A(C\B) <
< A CNB).
Since B is in = for some k > 4 we have B = UieD I; ;.. For some iy € D, we have

0 < ALy x\C) < %)\ (Ligx N C)

and
0<A(B\C) < %)\(BOC)
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so that 0 < A (Ligx\ (Lig,k N C)) < 55X (Lig,xe N C). Thus, we have I, 1, C I, so that

€
0<A (Iil,k-‘rl\ (Iil,k N (Iio,k N C))) <A ((Ii1,k N (Ii(JJC N O))) :

16
‘We obtain
D (I, k41) _ 0 (Iiy 1) > &
ATy kv1)  Aigw) ||, — 2

Y

_ A\ Tk N C))

O (Liyk) 0 (Liyk N C) O Lig g\ Ui N1 C)) 9 (Tig )
A A A

‘ Y

ALig k) Alig s NO) ||, Alig kN C) Lio 1\ (Lig e N C)) A(TLig k)

and
V(L k1) 0 (Liyk N (Tig kN C)) <€
Aiptr) ALk 0Lk NO) ||, — 8

Thus, we conclude

ﬁ([io,kﬁC) B @(Iihkﬂ(fimkﬁC)) > €
ALy NC) ALy xN(LiyxNC)) v 4’

thus, we obtain Ar (J) > £, which proves the theorem. O

Examples. All reflective spaces have the Radon-Nikodym property. Lebesgue space L' ([0,1]) and space
Cy do not possess the Radon-Nikodym property.

4. The Radon-Nikodym theory for general Bochner’s integral constructions

We assume that n: X — LB(Y,Z) isa o-finite measure with finite variation ¢ = Var(n),and A: XxY — Z
is a bilinear bounded mapping, which will be denoted by A (a,b) =ab for all a € X, b€ Y.

Theorem 4.1. Let ¢ be a scalar o -finite measure and let the measure n be absolutely continuous with respect

to ¢. Then, there exists a function

U(n)(): E—=LB(Y,2) (10)

such that
1) we have

d)f:a.e.l'

b

W () (@)lly_ 2

2) let (-,-): Z x Z* = R be duality pairing then (¥ (n) (f),¢) € L* (¢) for all { € Z* and the identity

< [ s@ay <x>,<> - [ @@ (1)
D D
holds for all f € L' (E,Y,n) and all ( € Z* and all D € 2.
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Proof. If 5 =0 then ¥(n)(-) =0, the theorem has been proven. We presume 7 # 0. We fix £ € Y and

¢ € Z*, and define the scalar measure by

(&€ (D) = (n(D)¢&,¢)

for all D € ¥, so that
I (€Ol < o lilly I 2 -

The classical Radon-Nikodym theorem yields the existence of a scalar locally ¢-integrable function ¢c so

that identities
1 (&, ¢) = Pvec

and

7 (&, Ol = ¢ el
hold ¢-almost everywhere. For each x € E and £ € Y, a continuous linear functional on Z* is given by
Ye (x) 1 & = e (x)

and such that
Ve ()] < [I€]ly -

For each fixed x € F, a linear continuous mapping is given by
W (n)(x) () : &= e (2)

so that
() (@)llyz <1

Forall z€e E, £€€Y, (€ Z*, we conclude

(T () ()& ¢) = ec ()
so that

(n(D)€.¢) = /D (W (n) (2) £,C) dos ()

</D Xd"’¢> = /D (¥ (n) x (2),¢) do (x)

forall D € ¥, where x:FE — Y is an arbitrary simple function.

and

Let f € L' (E,Y,n) then there exists a sequence {xx} of simple functions that converges in mean and

¢-almost everywhere to the function f. There is a number kg such that the inequality

[ (1) X, €) = (¥ (1) Xm> O < [ xe = Xmlly €] 2

holds for all k,m > kq. Therefore, a sequence {(¥ (1) xx,¢)} is fundamental in and a sequence {{(¥ (1) x,¢)}
converges ¢-almost everywhere to (¥ (n) f,(). Thus, for all ¢ € Z*, we obtain

lim [ (@ () i C) do = / (¥ () £.¢) do
D D

k—o0
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leI&</Jijdn,C>=</[)fdﬁ»C>,

thus
lim Xkdn:/ fdn.
k—o0 D D
Hence
</ Xkd77><>:/ (¥ (n) xx, C) dn
D D
we have

</Dfd777c>:/D<‘P(n)f,C>dn

forall (e Z*.

We estimate

(D)€, ¢)| < /D s llly ¢l

V() (@)lly 7 do ().

Z*

We denote w = [|[¥ (n)|y_,, ¢ and we calculate

D)o < [ 190) @)y 6 () = 2 (D).

The variation ¢ is the least positive measure for which the inequality |1 (D)|y_, < ¢ (D) holds for all

¢—a.e

D € ¥. Thus, we deduce [|[¥ (n) (2)[ly_ 4 ‘1. The theorem has been proven. O

Theorem 4.2. Let pu be a o-finite scalar measure on ¥. Let T : E — LB(Y,Z) be a function such that
I Tlly_, 5 is locally p-integrable, and let (Y&,() is p-integrable for all § € Y and all { € Z*. Then, there exists
a measure 1 : % — LB (Y, Z) with ¢ such that

</Df(50)d77(17),<>/D<T(I)f(x),C>du(x) (12)

forall f € LY (E|Y,¢) and all ( € Z* and all D € X; and

/Isv\(w)ché(x):/ 1T (@)lly - 2 ¢l (2) dVar (i) (x) (13)
D D

for all o € L* (¢) and all D € X, where ¢ = || Y|y, Var (n).
Proof. We define a set function

1&QD) = [ (re.0dn
forall £€Y, (€ Z*, and D € X. The continuous linear functional

n(§) (D) : ¢ n(&C) (D)
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satisfies the inequality

17 DI, < [l /D Iy, dVar (u).

We have
m(D)&.0 = [ (re.c)dn

forall €Y, (€ Z*,and DeX.
Let x: FE — Y be a simple function given by

> ailp, (@)

i=1,...k

where 1p, is the indicator function of disjoint sets B; € ¥ and a; € Y, then we obtain

(Jpxdn, Q) =3y (aim (Bi),C) =

DX
2:7 s, (Yai ¢y do = [, (Tx, ) do

forall (e Z*.
k—o

For each function f € L' (E,Y, @), there is a sequence {x} of simple functions such that x, —> f
¢-almost everywhere and in the topology of L' (E,Y,¢). We obtain

/kadn kﬁc/Dfdn,
</;ka%<>@3$3</;fdmc>,
</kadn,é>

</f®,>—L<(ﬂ£Mu

D)€ = / 2)édp € Z

(T (xx),C)du

b\

and
for all ¢ € Z*. Thus, we have

so n(D)eLB(Y,Z) forall DeX.
We assume ¢ € L' (¢) and ¢ € Z* and 71 # 0. The set function ¢ is absolutely continuous with

respect to Var (u) thus there exists a locally Var (u)-integrable positive function g such that

/mw:/mﬂme.
D D
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The mapping ¥ (1) (-) : E — LB (Y, Z) is given by T =W (n) g+ such that |h(z)|=1, p=hVar(u) and

¢—£.e

Var(p) =h™'p thus ¢ = g+p. Since [|¥ () (z)|ly_ 4 1 so that || (x)||y_,, = g(x) holds p-almost

everywhere since ||¥ () (x)|y_, ;9 () = g (x), then we take ¢ = ||Y||y_,, Var (n) and obtain

/ ol dp = / Iy ol dVar (u)
D D

for all D € X. The theorem has been proven. O
Now, we formulate the third theorem of this section.

Theorem 4.3. Let p be a o-finite scalar measure on . Let n: % — LB(Y,Z) be a vector measure with
Var (n) < oo, and let n be absolute continuous with respect to . Then, there exists a function ¥ (n)(:): E —
LB(Y,Z) such that

</Df(w)d77(x),é>/D<‘I’(ﬂ) (@) f (x),C) dp () (14)

for all f € LY (E,Y,Var(n)) and all ( € Z* and all D € ¥; and

/ o (@) dVar (1) (z) = / 1% () () ly 7 (&) dVar () () (15)
D D
for all p € L* (Var (n)) and all D € 3.
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