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Abstract: In this paper, we introduce and investigate the concepts of binary mgp-closed sets in a binary topological
spaces. Also, we characterize the relationships between them and the related properties.
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1. Introduction and Preliminaries
In 2011, Nithyanantha Jothi and Thangavelu [5], they have introduced topology between two sets and also
studied some of their properties. Topology between two sets is the binary structure from X to Y which is
defined to be the ordered pairs (A, B) where A C X and B C Y. Recently some author’s developed in the
modern topologies for example ([1], [3], [4], [9], and [10]). In this paper, we introduce and investigate the ideas
of binary mgp-closed sets in a binary topological space. Also we characterize the relations between them and
the related properties.

Let X and Y be any two nonempty sets. A binary topology [5] from X to Y is a binary structure
M CP(X) x P(Y) that satisfies the axioms namely

1. (¢,¢) and (X,Y) € M,
2. (A1 N Ay, B1 N By) € M whenever (A1, B1) € M and (Ay, By) € M, and
3. If {(Aa, Ba) : « € 4} is a family of members of M, then (J,c5 AasUqes Ba) € M.

If M is a binary topology from X to Y then the triplet (X,Y, M) is called a binary topological space
and the members of M are called the binary open subsets of the binary topological space (X,Y, M). The
elements of X x Y are called the binary points of the binary topological space (X,Y,M). If Y = X then M

is called a binary topology on X in which case we write (X, M) as a binary topological space.

Definition 1.1. [5] Let X and Y be any two nonempty sets and let (A, B) and (C,D) € P(X) x P(Y). We
say that (4,B) C (C,D) if ACC and BC D.

©Asia Mathematika, DOI: 10.5281/zenodo.13948719
*Correspondence: vinothzlatan55@gmail.com

16


https://orcid.org/0009-0002-3638-1119
https://orcid.org/0000-0002-0992-1426
https://orcid.org/0000-0002-1243-6958
https://orcid.org/0000-0002-8088-5114
https://www.asiamath.org/article/vol8iss2/AM-2408-8202.pdf

o RS N L

M. Vinoth, R. Asokan, V. Ramesh and R. Premkumar

Definition 1.2. [5] Let (X,Y, M) be a binary topological space and A C X, B C Y. Then (A, B) is called
binary closed in (X,Y, M) if (X\A,Y\B) € M.

Proposition 1.1. [5] Let (X,Y, M) be a binary topological space and (A,B) C (X,Y).
Let (A, B)Y* = N{A, : (A4, By) is binary closed and (A, B) C (Aa, Ba)} and (A, B)** = N{B, : (A, Ba) is
binary closed and (A, B) C (Aa, Ba)}. Then ((A, B)Y*, (A, B)?*) is binary closed and (A, B) C ((A, B)'*, (A, B)?*).

Proposition 1.2. [5] Let (X,Y, M) be a binary topological space and (A,B) C (X,Y). Let (A, B)* =
U{A4 : (Aa, Ba) is binary open and (Aa, Bo) C (A, B)} and (A, B)** = U{B, : (A, Ba) is binary open and
(Aa; Ba) € (4, B)}.

Definition 1.3. [5] The ordered pair ((A, B)'*, (4, B)?**) is called the binary closure of (A, B), denoted by
b-cl(A, B) in the binary space (X,Y, M) where (4, B) C (X,Y).

Definition 1.4. [5] The ordered pair ((4, B)'*, (A, B)?>*) defined in proposition 1.2 is called the binary interior
of of (A, B), denoted by b-int(A, B). Here ((A, B)'*,(A, B)**) is binary open and ((A, B)'*, (4, B)**) C
(A, B).

Definition 1.5. [5] Let (X,Y, M) be a binary topological space and let (z,y) C (X,Y’). The binary open set
(A, B) is said to be a binary neighbourhood of (z,y) if x € A and y € B.

Proposition 1.3. [5] Let (A,B) C (C,D) C (X,Y) and (X,Y, M) be a binary topological space. Then, the

following statements hold:

. b-int(A,B) C (A, B).

. If (A, B) is binary open, then b-int(A,B) = (A, B).
. b-int(A, B) C b-int(C, D).

. b-int(b-int(A, B)) = b-int(A, B).

. (A,B) Cb-cl(A,B).

If (A, B) is binary closed, then b-cl(A,B) = (A, B).

. b-cl(A, B) C b-cl(C, D).
. b-cl(b-cl(A,B)) =b-cl(A,B).

Definition 1.6. A subset (A4, B) of a binary topological space (X,Y, M) is called

. a binary semi open set [6] if (A, B) C b-cl(b-int(A, B)).
. a binary pre open set [2] if (A, B) C b-int(b-cl(A, B)).
. a binary regular open set [7] if (A, B) = b-int(b-cl(4, B)).

. a binary m-open [11] if the finite union of binary regular-open sets.

The complements of the above mentioned sets are called their respective closed sets.

Definition 1.7. A subset (A, B) of a binary topological space (X,Y, M) is called
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. a binary g-closed set [8] if b-cl(A, B) C (U,V) whenever (A, B) C (U,V) and (U,V) is binary open.
. a binary mg-closed [11] if b-cl(A, B) C (U, V), whenever (A, B) C (U,V) and (U,V) is binary m-open.

(
. a binary rg-closed set [7] if b-cl(A, B) C (U,V) whenever (A, B) C (U,V) and (U,V) is binary regular open.

The complements of the above mentioned sets are called their respective open sets.

2. Binary mwgp-closed sets
Definition 2.1. A subset (4, B) of (X,Y) in a binary topological space (X,Y, M) is called a

. binary generalized pre closed set (briefly, binary gp-closed set) if b-pcl(A4, B) C (G, H) whenever (A,B) C
(G,H) and (G, H) is binary open.

. binary 7 generalized pre closed set (briefly, binary mgp-closed set) if b-pcl(A, B) C (G, H) whenever (A, B) C
(G,H) and (G, H) is binary m-open.

The complements of the above mentioned sets are called their respective open sets.

Example 2.1. Let X = {1,2}, Y = {a, b} with the binary topology M = {(¢, $), (¢, {b}), ({1},{a}), ({1},Y),

(X,Y)}. Then the binary mgp-closed sets are (¢,9), (¢.{a}), ({1},¢), ({2},9¢), ({2}.{a}), ({2}.{b}),
({2},Y), (X,9), (X, {a}), (X,{b}), (X,Y). Then the subset ({2},{a}) is binary mwgp-closed set but ({1},{a})

is not binary wgp-closed set.

Theorem 2.1. In a binary topological space (X,Y,M). If (A, B) is binary mw-open and binary mgp-closed

then binary pre closed and hence binary clopen.

Proof. If (A, B) is binary m-open and binary mgp-closed, then b-pcl(A, B) C (A, B) and so (A, B) is binary
pre closed. Hence (A, B) binary clopen, since binary m-open set is binary open and binary pre open set is

binary closed. O

Proposition 2.1. In a binary topological space (X, Y, M). If (A, B) is binary semi open and binary mgp-closed
set then (A, B) is binary wg-closed.

Proof. Let (A,B) C (G, H) and (G, H) be binary m-open. Since (A, B) is binary mgp-closed, b-pcl(A, B) C
(G,H). Since (A, B) is binary semi-open, b-pcl(A, B) = b-cl(A,B) C (G, H) and hence (A, B) is binary
mg-closed. O

Remark 2.1. The converse of Proposition 2.1 is need not be true as shown in the following Example.

Example 2.2. In Ezample 2.1, binary wg-closed sets are (¢,0), ({2}, ¢), ({2},{a}), ({2},{b}), ({2},Y),
(X,9), (X,{a}), (X,{b}), (X,Y), then the subset (¢,{a}) is binary wgp-closed set but not binary mg-closed.

Definition 2.2. A subset (A, B) of a binary topological space (X,Y, M) is called a binary gpr-closed set if
b-pcl(A, B) C (U, V) whenever (A,B) C (U,V) and (U, V) is binary regular open.

Example 2.3. In Example 2.1, binary gpr-closed sets are (¢,9), (¢,({a}), (¢,Y), ({1},¢), ({1}, {b}),
{11Y), ({2h0), ({2}{a}), ({2},{b}), ({2},Y), (X,9), (X, {a}), (X,{b}), (X,Y).
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Remark 2.2. The following diagram holds for any subset of (X,Y) in a binary topological space (X,Y, M).

binary closed set

+
binary g-closed set ~—  binary mg-closed set —  binary rg-closed set
1 \J 1

binary gp-closed set —  binary wgp-closed set —  binary gpr-closed set

Here A — B means A implies B.
Remark 2.3. None of the implications is reversible as shown in the following Fxamples.

Example 2.4. Let X = {a,b}, Y = {1,2} with the binary topology M = {(é,9), (6,{2}), ({a},{1},
({a},Y), (X,{1}), (X,Y)}. Then binary wgp-clolsed sets are P(X) x P(Y) and binary gp-closed sets are
P(X) xP(Y) - (({a},{1}), ({a},Y)), then the subset ({a},{1}) is binary mgp-closed set but not binary gp-

closed set.

Example 2.5. In Ezample 2.1, binary wg-closed sets are (¢,0), ({2},¢), ({2},{a}), ({2},{b}), ({2},Y),
(X,9), (X,{a}), (X,{b}), (X,Y), then the subset (¢,{a}) is binary wgp-closed set but not binary mg-closed.

Example 2.6. In Example 2.1, binary gpr-closed sets are (¢,9), (¢,({a}), (¢,Y), ({1},¢), ({1}, {b}),
({1} Y), ({2h¢), ({2} {a}), ({21, {b}). ({2},Y), (X,9), (X, {a}), (X, {b}), (X,Y), the subset ({1},{b})

is binary gpr-closed set but not binary wgp-closed.

Remark 2.4. The following example shows that every binary closed set in (X,Y, M), is binary wgp-closed in
(X,Y, M), but not conversely.

Example 2.7. In Ezample 2.1, then the subset ({2},Y) is binary mgp-closed set but not binary closed.

Theorem 2.2. Let (A,B) be a binary wgp-closed set in a binary topological space (X,Y,M). Then b-
pel(A, B) — (A, B) does not contain any non-empty binary m-closed set.

Proof. Let (C, D) be a binary m-closed set such that (C, D) C b-pcl(A, B) — (A, B). Then (A,B) C (G,H) —
(C,D). Since (A, B) is binary mgp-closed and (G, H)—(C, D) is binary m-open, b-pcl(A, B) C (G, H)—(C, D),
ie., (C,D) C (G,H)—b-pcl(A, B). Hence (C,D) C b-pcl(A, B)N((G, H) —b-pcl(A, B)) = (¢, ¢). This follows
that (C,D) = (¢, ). O

Corollary 2.1. Let (X,Y, M) be a binary topological space. Then a subset of (X,Y) is binary pre closed if
and only if it is both b-pcl(A, B) — (A, B) is binary w-closed and (A, B) = b-pcl(b-int(A, B)).

Proof. Obvious. O

Theorem 2.3. The union of two binary mwgp-closed sets is binary wgp-closed in a binary topological space

(X, Y, M).

Proof. Let (A,B)U (C,D) C (G,H), then (A,B) C (G,H) and (C,D) C (G,H) where (G, H) is binary
m-open. As (A4,B) and (C,D) are mgp-closed, b-cl(A,B) C (G,H) and b-cl(C,D) C (G,H). Hence b-
cl((A, B) U (C, D)) = b-cl(A, B) Ub-cl(C, D) C (G, H). O
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Remark 2.5. The following example shows that intersection of two binary mwgp-closed sets is binary wgp-closed

in a binary topological space (X,Y, M).

Example 2.8. In Example 2.1, then (A, B) = ({2},{a}) and (C,D) = (X, ¢) are binary mwgp-closed. Clearly
(A,B)N(C,D) = ({2}, ) is binary mgp-closed.

Corollary 2.2. In a binary topological space (X,Y, M), if (A, B) ia binary mgp-closed and binary regular
open and (C, D) is binary pre closed in (X,Y), then (A, B) N (C,D) is binary mwgp-closed.

Proof. Let (A,B)N(C,D) C (G,H) and (G, H) is binary m-open in (A, B). Since (C, D) is binary pre-closed
in (X,Y), (A, B)N(C,D) is binary pre-closed in (A, B) and so b-pcla,)(A, B) N (C,D) = (A, B)N (C, D).
That is b-pcla,py(A, B)N(C, D) C (G, H). Then (A, B)N(C, D) is binary mgp-closed in the binary mgp-closed
and binary regular open set (A, B) and hence (A, B) N (C, D) is binary mgp-closed in (X,Y, M). O

Theorem 2.4. If (A, B) is binary wgp-closed in (X,Y) and (A,B) C (C,D) C b-pcl(A, B), then (C,D) is

binary wgp-closed.

Proof. Let (C,D) C (G,H) and (G, H) be a binary m-open set in (X,Y"). Since (4, B) C (G, H) and (C, D)
is binary mwgp-closed, b-pcl(A, B) C (G, H) and then b-pcl(C, D) = b-pcl(A,B) C (G, H). Hence (C,D) is
binary mwgp-closed. O

Theorem 2.5. A set (A, B) of a binary topological space (X,Y, M) is said to be a binary mwgp-open sets if
and only if (C, D) C b-pint(A, B) whenever (C, D) is binary m-closed and (C, D) C (A, B).

Proof. Obvious. O

Theorem 2.6. A subset (A, B) of a binary topological space (X,Y) is binary wgp-open if and only if it is both
(G,H) = (X,Y) whenever (G, H) is binary m-open and b-pint(A,B)U ((X,Y) — (A,B)) C (G, H).

Proof. Let (G,H) ba a binary m-open set and b-pint(A, B) U ((X,Y) — (A,B)) C (G,H). Then (X,Y) —
(G,H) C ((X,Y)—=b-pint(A,B))N(A, B),ie., (X, Y)—(G,V)) Cb-pcl((X,Y)—(4,B))— ((X,Y)—(A,B)).
Since (X,Y) — (A, B) is binary mgp-closed, by Theorem 2.2, ((X,Y) — (G, H) = (¢,$) and hence (G, H) =
(X,Y).

Conversely, let (C, D) be a binary mw-open set of (X,Y) and (C,D) C (A, B). Since b-pint(A, B) U
(X,Y) — (A,B)) = b-int(b-cl(A,B)) C ((X,Y) — (C,D)) is binary mw-open and b-pint(A, B) U ((X,Y) —
(A,B)) C b-pint(A,B) U ((X,Y) — (C, D)), by hypothesis, b-pint(A,B) U ((X,Y) — (C,D)) = (X,Y) and
hence (C, D) C b-pint(A, B). O

Theorem 2.7. Let (A,B) C (C,D) C (U,V) and (C, D) binary m-open and binary closed in (X,Y). If (A, B)
is binary wgp-open in (C,D), then (A, B) is binary wgp-open in (X,Y).

Proof. Let (M,N) be any binary m-closed set and (M,N) C (A,B). Since (M,N) is binary m-closed
in (C,D) and (A, B) is binary mgp-open in (C,D) , (M,N) C b-pintc,py(A,B) and then (C,D) C b-
pint,vy(A, B) N (C, D). Hence (C, D) C b-pinty,vy(A, B) and so (A, B) is binary mgp-open in (X,Y). O
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Theorem 2.8. If (A, B) is binary wgp-open in (X,Y) and b-pint(A,B) C (P,Q) C (A, B), then (P,Q) is

binary mwgp-open.

Proof. Let (C,D) C (P,Q) and (C, D) be binary w-closed in (X,Y). Since (A, B) is binary mwgp-open and
(C,D) C (A,B). (C,D) C b-pint(A, B) and then (C,D) C b-pint(P,Q). Thus proves hat (P, Q) is binary
Tgp-open. O

Theorem 2.9. A subset (A, B) of (X,Y) is binary wgp-closed if and only if b-pcl(A, B) — (A, B) is binary
Tgp-open.

Proof. Let (C,D) C b-pcl(A,B) — (A, B) and (C, D) be binary m-closed in (X,Y). Then by Theorem 2.2,
(C,D) = (¢,¢) and so (C, D) C b-pint(b-pcl(A, B) — (A, B)). This verifies that b-pcl(A, B) — (A, B) is binary
Tgp-open.

Conversely, let (G, H) be a binary mw-open set of (X,Y) and (A4,B) C (G,H). Then b-pcl(A, B) N
(X,Y) = (G,H)) = b-cl(b-int(A,B)) N ((X,Y) — (G, H)) is binary m-closed set contained in b-pcl(A, B) —
(A, B). Since b-pcl(A, B) — (A, B) is binary wgp-open, by Theorem 2.5, b-pcl(A, B)N ((X,Y) — (G, H)) C b-
pint(b-pcl(A, B) — (A, B) = (¢, ¢) and hence b-pcl(A, B) C (G, H). O

3. Conclusion

The main aim of this paper is to introduce and investigate the ideas of binary mwgp-closed sets in binary
topological spaces. Also, we characterize the relations between them and the related properties with suitable
examples. In the future, we can study in the area of wgp-irresolute functions (i.e., the domain and the co-domain
are the binary topological space) and as well as mgp-open map, wgp-closed map. We can extend by finding
an inverse image or image for the mwgp-closed set to wgp-closed set also. And we can learn in various areas of

topological space with associated applications.
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