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Abstract: Our study aims to obtain integral representations of Jacobsthal 7, and Jacobsthal-Lucas L, , and then to
use these integral representations to derive integral representations of Jacobsthal Jin+r and Jacobsthal-Lucas Lin+r,
where n € Z>o = {0,1,2,...} is a non-negative integer, k € Zso = {1,2,3,...} is an arbitrary but fixed positive integer,

while r € Z>¢ is an arbitrary but fixed non-negative integer.
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1. Introduction
Numerous studies use integral representations of special numbers obtained from different counting sequences as
a tool. The importance of obtaining integral representations of different special numbers is illustrated by this

fact.
There has been considerable interest in these integral representations of special numbers. Several papers

have been devoted to the study of the integral representations of some special numbers. It has been demonstrated
in the literature that integral representations of special numbers can be obtained using standard or advanced
mathematics from the integral calculus.

Several recent developments have been made in integral representations of special numbers arising from
different counting sequences.

Many studies have been conducted on the representation of Catalan numbers as integrals.

[10] and [13], we recall that the Catalan numbers C,, are defined by

c, =2 (2”) n=01,2,....
n+1 n

Using the properties of a combinatorial system, Dana-Picard [4] showed that a Catalan number can be

defined in a variety of ways. Additionally, Dana-Picard presented integral representations of these Catalan
numbers in that paper.

Using two multiparameter families of definite integrals, Dana-Picard and Zeitoun [5] computed closed
forms. As a result, they obtained combinatorial formulas.

In [6], Dana-Picard derived a combinatorial identity for the Catalan numbers as well as two integral

representations of them.
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By searching for closed forms of integrals depending on a parameter, Dana-Picard [7] obtained integral
identities.

In [8], Dana-Picard and Zeitoun found that a closed formula could be computed for improper integrals
using the Wallis formula and a non-straightforward recurrence formula. Hence, a new integral representation is
provided for Catalan numbers.

By using the Mellin transform, Penson and Sixdeniers [14] developed an integral representation for

Catalan numbers.
Recall from [1] that the Fibonacci numbers F,, n=0,1,2,..., are defined by F; =0, F; =1 and

Fn+2:Fn+l+Fn7 n=20,1,2,...
and Lucas numbers L,, n=0,1,2,..., are defined by Lo =2,L; =1 and
Ln+2:Ln+1+Ln7 n:071,2,....

In their publication [9], Glasser and Zhou presented an integral representation of the Fibonacci numbers.
In [15], Stewart gave integral representations of Fibonacci and Lucas numbers.

Recall from [12] that the Motzkin numbers M,,, n=0,1,2,..., are defined by

2l
M”Z<2k>0’“’ n=0,1,2,....

k=0

The integral representation of Motzkin numbers was developed by Mccalla and Nkwanta [11].
Recall from [2], [3] and [16] that the Jacobsthal numbers J,, n = 0,1,2,..., are defined by Jy =
0,71 =1 and
Int2 = Int1 +2Tp, n=0,1,2,...

and the formula of the general term is given by
1 n n
Tn=35 2" = (-1)"). (1)

Recall from [2], [3] and [16] that the Jacobsthal-Lucas numbers £,, n = 0,1,2,..., are defined by
Lo=2,L1 =1 and
Lpyo=Lpy1+2L,, n=0,1,2,...

and the formula of the general term is given by
L, =2"+ (—1)" (2)

There are a number of interesting mathematical facts and theorems associated with the Jacobsthal
numbers 7, and Jacobsthal-Lucas numbers £, that can be applied to a wide range of problems today. Please
refer to [2], [3] and [16] and closely related references for information on new developments of these types of
numbers.

Jacobsthal numbers have practical applications in areas such as computer science, cryptography, and

combinatorial design. For instance, they can be used in algorithms for efficient data encoding and decoding.
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Additionally, Jacobsthal numbers are useful in the construction of certain types of error-correcting codes, which
are essential for reliable data transmission.

The integral representation of Jacobsthal numbers allows us to calculate the values of Jacobsthal numbers
explicitly and to approximate them asymptotically. This representation is also useful in understanding the
properties of Jacobsthal numbers. This representation can also be used to find the upper and lower bounds
for the Jacobsthal numbers. Additionally, this representation can be used to study the growth of Jacobsthal
numbers.

In this study, we will obtain integral representations of Jacobsthal [Jk, and Jacobsthal-Lucas Ly, , and
from these integral representations we will derive integral representations of Jacobsthal [Jy,4, and Jacobsthal-
Lucas Lgp+r, where n € Zso ={0,1,2,...} is a non-negative integer, k € Zso = {1,2,3,...} is an arbitrary
but fixed positive integer, while r € Z> is an arbitrary but fixed non-negative integer.

The following section presents several facts concerning Jacobsthal and Jacobsthal-Lucas numbers.

2. Preliminaries
This section examines some key facts about Jacobsthal and Jacobsthal-Lucas numbers.

Let o =2. From (1), it follows that
1 n n
o= 5 (" = (-1)"), 3)
called Binet’s formula for the Jacobsthal numbers and from (2), it follows that

En =a" + (_l)n’ (4)

called Binet’s formula for the Jacobsthal-Lucas numbers.
a and these two types of numbers have the following relationships.

1. Using (3) and (4), we find that the connection between the Jacobsthal numbers, the Jacobsthal-Lucas

numbers, and « is for n € Zxg

n_ Ln+3Tn
o = .

. %)

2. In order to establish the connection between the Jacobsthal numbers and the Jacobsthal-Lucas numbers,

straightforward computation yields from (3) and (4) for n € Zx¢

2
LE =972 =(a"+(-1)")* -9 <; (" = (—1)"))

— (a2n + (_1)271, +2an(_1)n)
-9 <£1) (@ + (=1)*" — 2a"(1)"))
=4a"(-1)"

= 2" (—1)". (6)
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3. By direct calculation, we determine the Jacobsthal index addition formulae for m,r € Z3¢, from (3) and

(4)

TrLm + LrTm = 3 (" = (=1)") (@™ + (=1)™)

= 2T mtr- (7)

4. The Jacobsthal-Lucas index addition formulae can be derived directly from (3) and (4) for m,r € Zx

LynLr +9TmTr = (™ + (=1)") (" + (=1)")

ro(3) @ oM @ - 1)
— Q™ 4 (1) 4 (—1)a” 4 (—1)™
™ (—1)Ta™ — (—1)™a” 4 (— 1)
(o ()

= 2L (8)

3. Integral representations for the Jacobsthal Numbers J;, and the Jacobsthal-Lucas Numbers
Lin

The purpose of this section is to present integral representations of Jacobsthal numbers Ji, and for the
Jacobsthal-Lucas numbers Ly, , where n € Zsg = {0,1,2,...} is a non-negative integer and k € Zso =
{1,2,3,...} is an arbitrary but fixed positive integer.

The following theorem gives an integral representation of the Jacobsthal numbers [Jy,. Based on this
theorem, we derive an integral representation of the Jacobsthal numbers 7,,, an integral representation of the
Jacobsthal numbers J5,, with even integer indexes, an integral representation of the Jacobsthal numbers Jo,,11

with odd integer index and Binet’s formula for Jg,, .

Theorem 3.1. We have an integral representation of the Jacobsthal numbers Ty, by the integral

Tkn = (L, +3Tx)" " d (9)

_ nJk
2

H\H

for n € Zxo and arbitrary but fived k € Z .
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Proof. Let I be the integral to be found. We make the substitution
u=g(x) =Ly + 3Tz

because its differential is du = 3Jidx, which, apart from the factor 37}, occurs in the integral. Then, we obtain
dx = ﬁdu. Before substituting, determine the new upper and lower limits of integration. When z = —1, the

new lower limit is u = g(—1) and when z = 1, the new upper limit is u = g(1). Now, we can substitute to

obtain

nJr ., nJk

2n 2n

(Ly 4 3Tkx)" " dx

L

g(1)

:njki / w" Ldu

2" 3Tk
g(=1)
_ln 1l e
= 335 e
11 nyl
=3 [(Lk + 3Tkx)"]_,
=5[]
3 2 »
L[/ Lk +3T:\" [ Le—3T:\"
(55%) - (55 | a
From (5) and (6), direct calculation gives
T2
a L+ 3T
B 2(Ly —3Tn)
LR -9T7
2
= m (ﬁn - 3jn>

Hence, we have



Ahmet Ipek

From (10) and (11), it follows that

nJk 1 T \™
=5 = ()]
_ 1 kn _ (_q\kn
=g o - 1]
Thus, the proof of Theorem 3.1 is completed. O

In the following corollary, an integral representation of the Jacobsthal numbers 7, is represented.

Corollary 3.1. We have an integral representation of the Jacobsthal numbers 7, by the integral

1
T = 2% / (14 32)" " do
—1

forn € Zxy.

Proof. 1f we write k = 1 in (9), then we obtain the integral representations of Jacobsthal numbers 7, as follows:

1
TIn = 7127;{1 / (»Cl _’_31.‘71)7171 dx

|
)
S
—
_|_
w
)
S~—"
&
)

Thus, the proof of Corollary 3.1 is completed. O
In the following corollary, an integral representation of the Jacobsthal numbers with even integer indexes
is represented.

Corollary 3.2. We have an integral representation of the Jacobsthal numbers Jo, by the integral

1

Ton = %/(5+3x)”*1dx. (12)

1
for n € Zxg.

Proof. If we set k = 2 in (9), then we get an integral representation of the Jacobsthal numbers with even integer

index by
1
Jon = zi/ (Ly+32T2)" " d
-1
1
= 2% / (54 3z)" " da.
-1
The proof of Corollary 3.2 is complete. O
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The following corollary gives an integral representation of the Jacobsthal numbers with odd integer index.
Corollary 3.3. We have an integral representation of the Jacobsthal numbers Jon4+1 by the integral

1
Ton+1 = 2n%/(f)-i-n—kﬂn—&- 1)) (54 3z)" " da (13)

21
for n € Zxo.
Proof. We first recall the obvious identity Jont2 = Jont1 + 2J2, - Then, from this identity, it follows that
\72n+1 = j2n+2 - 2L72n (14>

Using a reindexing of n+— n + 1 in (12), from (12) and (14) straightforward computation yields

Jon+1 = Jont2 — 200n

1 1
n+1 n n-1
:2n+1/5+3a: da:—Z—/ (5+3x)"  dx
21

= 2n1+1 / [(n+1)(5+3z) — 4n] (5 + 32)" ' da

1
2n+1/5n+5+3(n+1)x—4n](5—|—3x)n Ydx
—1

1
= St /(5+n+3(n+1)x) (5+ 3z)" " dz.
1

The proof of Corollary 3.3 is complete. O
The following corollary gives a thinly disguised form of Binet’s formula for Jg,, .

Corollary 3.4. The Jacobsthal numbers Ji, can be represented by

Ozk

n
Jknzg / " Ldt
(-1)*

for n € Z>o and arbitrary but fixed k € Z~ .

Proof. Using the substitution t = 1 (£}, + 3J42) in (9), we have dt = 2J:dz and dz = ﬁdt. To find the new

limits of integration (9) we note that when & = —1,

= % (L —3T) = (=1)*
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and when x =1,

1
t= B (Lx 4+ 3Tk) =ak.

Therefore, from (9) we obtain

jkn:LLZk

5 (L + 3ka)n_1 dx

m—-

[e%

N / (20" 2

2 3Tk
(-1)*
oF
njk -1 2 n—1
= —2" — t dt
AL 3Tk ( )

|
w3
-+
3
[
—
.
o

The proof of Corollary 3.4 is complete. O
The following theorem gives an integral representation of the Jacobsthal-Lucas numbers.
Theorem 3.2. We have an integral representation of the Jacobsthal-Lucas numbers Ly, by the integral
1
Lin = Qin / (Lk + 3Tk(n + 1)a) (Ly, + 3Tp)" ™" da (15)

-1
for n € Z>o and arbitrary but fivred k € Z~q.
Proof. Let

I = /(ck +3Tk(n + 1)) (Li + 3Tpx)" " da.
To evaluate this integral we use the integration by parts. Let

u= Ly +3T:(n+ 1)z

and
dv = (Ly + 3Tkz)" " d.
Then,
du = 3J;(n + 1)dx
and

v = /(ﬁk + 3\7]@‘%)”71 dx.
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To evaluate the integral that we have obtained, v = [ (L + 37kx)" Hdx, if we let ¢t = Ly, + 37, then
dt = 3Jxdx, so dx = ﬁdt. Therefore,

L
v = — " dt
/ 3Tk

_ 1
3Tk

n

= 3. (L +3Tkx)" .
If we let

1
1 n-
I = on / (Lk + 3Tk(n + 1)7) (L + 3Tez)" " da,
1

then we obtain

1 (1 .
= 5 { g (66 + 350+ 10 (€0 4+ 350

1
1
-1

1 Ly + 3Tk
T 3ndk 2

1 Ly, — 3Tk
3TL._7k 2

) (Lo + 37400+ 1)) (16)

)" (Lr —3Tk(n+1))

1

/ (L + 3Tpx)" dx.

-1

n+1
n2n

From (9), we have that

2n+1

Hence, from (16) and (17) we get

P

_ 1 Ly + 3Tk
T 3ndk 2

1 Ly, — 3Tk
37ljk 2

n+1 2ntl
n2n (7’L + 1) Tk

)n (L +3Te(n+1))

)" (Lx —3Tk(n+1))

Thn+k-
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By (5), (7) and (11), it follows that

I, = o™ (Ly, + 3Tu(n + 1))

1
3nJk

_ 1
3nJx

2

— —Tkn+k
nJx

bty

(=1 (L = 3Tu(n + 1))

+ (a’“" + (—1)’“”) (n+ 1)

_2jkn+k]
[LrTin + (n+ 1) TeLin — 2Tin+k)
jk
1
= — nTkLrn + L Ten + TeLin — 2Tin+k) - (18)
nJx

We can verify the following equation by recalling the formula given in (7) and substituting k& for r and kn for
m:
L Tin + TeLin — 2Tin+k = 0.

As a result, (18) provides us the result Is = Ly, . As a consequence, the theorem can be proved by obtaining

the result in (15), which concludes the proof of the theorem. O

Corollary 3.5. We have an integral representation of the Jacobsthal-Lucas numbers L, by the integral

1
L, = 2%/(1 +3(n+ 1)) (1+32)" L da
]

for n € Zxg.

Proof. As a result of writing k£ = 1 at (15), we obtain integral representations for Jacobsthal-Lucas numbers

L, in the following way:

1
1 .
Ly 7/ (L1 4+ 3T (n+ 1)x) (L1 + 3T12) Ydx
]

_ 2in / (143(n+ 1)a) (1+32)" " do
21

The proof of Corollary 3.5 is completed. O

The following corollary gives an integral representation of the Jacobsthal-Lucas numbers with even integer
index.

10
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Corollary 3.6. We have an integral representation of the Jacobsthal-Lucas numbers Lo, by the integral
. 1
Lon =5 / (5+43(n+1)z) (5+3z)" " dx (19)
1
forn € Zxg.

Proof. If we set k=2 in (15), then we get an integral representation of the even Jacobsthal-Lucas numbers by

1

1 n—
Loy, = 27 / ([:2 + 3.,72(71 + 1)$) (ﬁg + 3j2$) ! dxr
21
. 1
= o / (54 3(n+1)z) (5+ 32)" " dx.
21
The proof of Corollary 3.6 is complete. O

The following corollary gives an integral representation of the Pell-Luas numbers with even integer index.
Corollary 3.7. We have an integral representation of the Jacobsthal-Lucas numbers Lo 11 by the integral

1
—/(5+9n+3(n+ D) (54 32)" " da (20)

-1

for n € Zxo.

Proof. Recalling that the identity in (80) takes the form of

2‘Cm+’r = £m£7‘ + gjmjr)
by substituting 2n for m and 1 for r, we get the following identity
2Lont+1 = LonLl1 +9T2n 1
1
= 3 (L2n+9720). (21)
Substituting the integral representations obtained for L5, and Ja, in 21 results in the following integral

11
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representation for Loy 11:

1 9
Lopt1 = 55271 + §j2n

1
2n+1/ (54 3(n+1)z) (5+3z)" " dz
—1

l\ﬂ@

1
23/ (5 + 32)" " da
—1

1
2n+1/ (5490 +3(n+ 1)) (5+ 32)" " da.
—1

Thus, the proof of Corollary 3.7 is completed. O

The following corollary gives a thinly disguised form of Binet’s formula for L., .

Corollary 3.8. The Jacobsthal-Lucas numbers Ly, can be represented by

(th

Lin =1 / " Ldt.
(-1)k

for n € Z>o and arbitrary but fixed k € Z~ .
Proof. The proof of Corollary 3.8 can be done similarly to the proof of Corollary 3.4. O

In the following section, we obtain the integral representations for the Jacobsthal Numbers Jy,+. and
the Jacobsthal-Lucas Numbers Lip4r. As a result of substituting (1,0), (2,0), and (2,1) for (k,r), we are

able to obtain integral representations for 7,, Jon, Jon+1, Ln, Lon and Lopiq.

4. Integral representations for the Jacobsthal Numbers Jj,, and the Jacobsthal-Lucas Numbers
Lin+tr

This section presents the integral representations of Jacobsthal numbers Ji, 4, and Jacobsthal-Lucas numbers
Lin+r, derived from the integral representations of Jacobsthal numbers Jg, and Jacobsthal-Lucas numbers
Lipn, where n € Z>o = {0,1,2,...} is a non-negative integer, k € Z~o = {1,2,3,...} is an arbitrary but fixed
positive integer, while r € Z>( is an arbitrary but fixed non-negative integer.

Theorem 4.1 presents the integral representations of Jacobsthal numbers Jg, 4. Therefore, in the integral
representation given by Theorem 4.1, substituting different integer pairs (k,r) yields integral representations

for different Jacobsthal numbers Jisp 41 -
Theorem 4.1. For n € Z>q and arbitrary but fized k € Z~o and r € Zxo, the Jacobsthal numbers Jyn4r can
be represented by the integral

1

/ (0Tl + ToLi + 3TeTo(n + 1)) (i + 3T5a)" " da. (22)

—1

Tkn+r = on+1

12
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Proof. The Jacobsthal index addition formula
TrLwm + LrTm = 2Tm+r
given by (7) with m replaced with kn produces
2Tkntr = TenLr + TrLin-

With the help of formulas (9) and (15), we can express Jin, and Ly, in terms of Jx, L., J. and L. This
allows us to obtain an integral representation for [Jg,.,. By substituting the integral representations of [Jy,

and Ly, given by (9) and (15) respectively, the following result emerges immediately:
2Jkn+r - »erkn + Jrﬁkn

1

/ (L + 3Tpz)" ' dx

-1

n e

:'C’r‘ on

1
+ g / (Cx +3Tk(n + 1)x) (Ly + 3Tka)" " dax

—1

1
= / (nTeLon + ToLon + 3TeTo(n + 1)2) (Lk + 3T62)"™ " da,
Z1

and completes the proof. O

As indicated in the following remark, the results in Corollary 3.1, Corollary 3.2 and Corollary 3.3 can

also be obtained using Theorem 4.1.

Remark 4.1. In the integral representation at (22) given by Theorem 4.1, substituting (1,0), (2,0), and (2,1)
for (k,r) yields integral representations for Jn, Jon, and Japt1 -

Theorem 4.2 presents the integral representations of Jacobsthal-Lucas numbers Ly, .. Therefore, in
the integral representation given by Theorem 4.2, substituting different integer pairs (k,r) yields integral

representations for different Jacobsthal-Lucas numbers Ly, .

Theorem 4.2. For n € Zxo and arbitrary but fixed k € Z~o and r € Zxq, the Jacobsthal-Lucas numbers

Lin+r can be represented by the integral

1

1
Linir = BTESY / (T Ty + LiLly + 3T Ln(n + 1)) (Li + 3Tpx)" " da. (23)
2

Proof. The Jacobsthal-Lucas index addition formula
Cmﬁr + gjmjr = 2£m+r
given by (1.6) with m replaced with kn produces

£kn£r + gjknjr - 2£kn+r~

13
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Formulas (9) and (15) allow us to write Jg, and Ly, in terms of Ji, L., J, and L. In this way, we can
obtain an integral representation for Jin+r,. When the integral representations of Ji, and L, given by (9)

and (15) respectively are substituted into the given index addition formula, the result follows immediately:

2£k:n+'r - gjrjkn + Lr‘ckn
1

_ 9%”2—*7’“ / (Lr + 3Te2)" ' da

n
-1

1
1 _
Loy / (Lx + 3Tk(n + 1)) (Lx + 3T02)" " da
21

1
1 _
- / (OnToTy + Lalr + 3TeLo(n + 1)a) (Lp + 3Te2)" " da,
1

and completes the proof. O

In the following remark, it is indicated that the results given in Corollary 3.5, Corollary 3.6 and Corollary

3.7 can be obtained by using Thereom 4.2.

Remark 4.2. In the integral representation at (23) given by Theorem 4.2, substituting (1,0), (2,0), and (2,1)

for (k,r) yields integral representations for L, , Lap and Lopy1.

5. Conclusion

In the first part of this note, integral representations are obtained for Jacobsthal numbers Ji, as well as
Jacobsthal-Lucas numbers L, , and then based on those integral representations, integral representations are
given for Jacobsthal numbers Jj,+, and Jacobsthal-Lucas numbers Ly, where n € Zso = {0,1,2,...} is
a non-negative integer, k € Zso = {1,2,3,...} is an arbitrary but fixed positive integer, while r € Z>¢ is an

arbitrary but fixed non-negative integer.
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