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Abstract: In this work, we introduce a generalized class of concave meromorphic functions denoted as K (¢) defined
by Salagean differential operator D™, which is an operator defined on the concave meromorphic function g(z), D"g(z) =

D(D" *g(z)), {n € NU{0}}, and study some of the properties namely; inclusion, integral representation, closure under

an integral operator, sufficient condition, coefficient inequality, growth and distortion of this class.
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1. Introduction

Let g be define as

g(z) = % + Zakzk. (1)
k=1

meromorphic function with a simple pole at the origin, the unit disk be denoted by {U = |z| < 1} and concave
domain which is the exterior of a closed convex domain be denoted by E. We say the function ¢ of the form

(1), is concave if it maps the U to E, denoted by Ky satisfying the following inequality as define below:

Definition 1.1. [16] The function g(z) =1 + 377, ai2" belong to the class K, if it satisfies the inequality

9'(2)
Re<1+zg,(z)><O,zeU (2)

For more details of concave univalent functions and the types, (see{[1],[2],[3],[4],[6],[7] [19]}).

The integral representation of the functions in the class Ky was first considered in [15, 16] as stated below:

Theorem 1.1. [15] The function g(z) = % + > pen arz® belong to the class function KC, if and only if there
exists a positive measure pu(t) and [ du(t) =1 and [ e "du(t) =0, such that for z € U.

g (z) = —%exp /7T 2log(1 — e 2)du(t). (3)
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Theorem 1.2. [16] The function g = % + > pey arz” be belong to the class K, if there exists a function
¢ : U — U, withe(0) =0 (4)

holomorphic in U | such that for z € U

s

g (2) = —%exp/ 2log(1 — €™ 2)du(t). (5)

Conwersely, for any holomorphic function ¢ : U — U, with ¢(0) =0, there exists a function g € KC,.

In [13, 14, 16], the inequality (2) was shown to be the necessary and sufficient condition of the concave

meromorphic function of the form (1) and also deduced the coefficient inequality
jar]? + 3laz| < 1 (6)

by applying an invariant form of Schwarz’s lemma involving with Schwarzian derivative and in [4], Al-Kaseasbeh,
estimated ay for k = 2,3,--- for the function g(z) satisfying inequality (2).

Using the Salagean differential operator denoted as D" is defined as D%(z) = g(z), Dg(z) = z¢ (2),
Drg(z) = D(D" 'g(z)),{n € NU{0}} and its integral operator define as Z°¢(z) = g(2), I'g(2) = [; @dt,
I"g(z) = Z(Z" 'g(2)),{n € NU{0}}, both appeared in [17].

The new generalized class of concave meromorphic functions is define as follows:

Definition 1.2. The function g : U — E, g(z) = % +> ey arpz" belong to the class of concave meromorphic
univalent function of order ¢, denoted as K{((), for n € N and 0 < ¢ < 1, if and only if it satisfies the

inequality

D"g(2) _ .
Re (D"g(z) >< ¢,zeU. (7)

Similarly, the class Kfj(¢) can be written as
Dn+1
—Re (g(z)) > (,z €. (8)

Our focus in this work is to study the concave meromorphic function using the Salagean derivative denoted by

K3 (¢) and establish some of it geometric properties.

2. Preliminary Lemmas

Lemma 2.1. [5] Let P be holomorphic in U with P(0) =1 and suppose that

2P (2) 3¢-1
Re(P(z)>> 5 ,eU.

Then ReP(z) >2'"Y¢ 1/2< (¢ <1, 2 €U and the constant 2' =1/ is the best possible.
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Lemma 2.2. [9, 11] Let P(z) be analytic in U, P(0) =1 and suppose that

Re {P(z) — ZE(S)} >((zeU,0< (<.

Then ReP(z) > (¢ in U.

Lemma 2.3. [10] Let P(2) = 1+ c12 + 222 + -+ -, be analytic in U and {¢ : 0 < ¢ < 1} be a positive real
number. Suppose that {r:0 < r < 1}, such that

min Re(P(:)} = i [P(2)]. (9)
Rez;p(g) >(-1,z€U, (10)
for 0 < (¢ <1/2,
and
Rez;;(g) >(/2-1,z€U. (11)
for1/2< (<1,
Then
Re{P(2)} >(,z€U. (12)

Lemma 2.4. [18] Let P(z) be regular and satisfy ReP(z) >, 0< (<1 in |z| <1 andlet P(0)=1. Then
we have

_ 14+ (20— 1)2¢(2)
PE = =00

(13)
where ¢(z) is any reqular function in |z| < 1, satisfying |¢(z)] <1 in |z] < 1 and any function P(z) given by
the above formula is regular and satisfies ReP(z) > ¢ in |z] < 1.

Lemma 2.5. [8, 15] Let w(z) be non-constant reqular in { z : |z| <1} w(0) = 0. If w(z) attains its mazimum
value on the circle |z| = <1 at z, we have zow' (20) = kw(zo), where k is a real number , k > 1.

3. Main Results

Theorem 3.1. For n € N and 0 < ¢ < 1. Then K§t(¢) € K3 (C).

Proof. The function g(z) € K§(¢), if P € P({) so that

D"g(2) _ g,
Dy = P (14)

By differentiating (14), we obtain

(D) D g(s) (D)
(D7) Dig() ) (15)
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2(D"g(2)) D"Hg(z)  2(D"Hg(2))
(Dng(2))? Drg(2)

Divide through by P(z)
D" g())  2(D"g(2) _ 2P'(2)

Drtlg(z) Dg(z)  P(z)

By the relation z(D"1g(z)) = D"*2g(z) and z(D"g(z)) = D"t'g(z), then (17) becomes

DH2g(z)  DHg(z)  2P(2)

Divigz)  Diglz) | P(2)

which implies that
D) _ D) 2P )
Drtlg(z)  Drglz)  Plz)

From (19), we have that

D) ()
D) - O PR
De) P
DiFigls) TP

Since

by Lemma 2.2. Then —Re (DDH:;?Z()Z» > ¢ and we have the inclusion.

Theorem 3.2. If g(z) € K} (), and satisfies

D" 2g(z) D"g(2) ¢—1
fee <D"+1g(Z) - Drg(z) ) '

Then —Re(Zpr #) > 91716 1/2< (<1, z € U.

Proof. The function g(z) € K§(¢), if P € P(¢), then

_D"lg(z)
Drg(z)

By differentiating (22), we obtain

(D"9(2) D™ 1g(2) _ (D™Mg(2)
(Drg(2))? Dryg(z)

A(D"g(2)) D™ g(z) _ 2(D"g(2))
(Dryg(2))? Drg(2)

= 2P (2).

(16)
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AD"g(2))  ADg(2)) 2P (2)

Dritlg(z)  Drg(2) P(z)
By the fact that z(D"1g(z)) = D"*2g(z) and z(D"g(z)) = D"t'g(z), then (25) becomes

Dr2g() D) _ P(e)

Ditlg(z)  Drg(z)  P()

By the condition of the theorem,

ZP(2)) D"2g(z)  D"g(2) 3¢—1
fie (l e ) = e (e ~ oty +) >

which is equivalent to

D'2g(z) D'lg(2)\ _ (-1
Re(Dan(z) Drg(2) )> 2

Thus by Lemma 2.1, ReP(z) > 2%/¢~1 1/2 < ¢ < 1, which concludes the result.

Theorem 3.3. Let f € K{((), neN and 0< (< 1. Then

o=z { L2 [ 120 al).

where ¢(z) is reqular in |z| < 1 with |¢(z)] < 1.

Proof. Let g € K§(¢), then by Lemma 2.4

DUHg(z) | 14 (2~ 1)z0(2)
Dig() T+ 20(2)

From the relation z(D"g(z)) = D" g(z), we obtain

2(Dg(2)) 1+ (2¢—1)2¢(2)
Drg(2) T+eo(z)
2(Drg(2) |, (2—20)29(z)
Digz) T 14z0()

2D"g() 1 _ (2=206(2)
Drglz) 2 T+ze()

We can have that

. n o (2=20)¢(2)
5, (log=D"g(2)) = C1+26(2)
Which gives
Drg(2)) = %exp {(2 - 20) /OZ 1 fg(t) } .

Equation (29) can easily be obtained from (35).

(25)

(29)
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Corollary 3.1. . If n=1, then

o= [ (b fonfies [ s}

Corollary 3.2. [1]. If n=1, ( =0, then

1= [ o] e

Theorem 3.4. Let

If G(z) satisfies the condition
D"tlg(2) 1-¢

R _
¢ Drg(z) 2c+2—2¢

¢

formeN,0< (<1 and ¢c>0. Then G(z) € K(().

Proof. Let
DnJrlg(Z)

Drg(z) = —P(z).

From (38), we have

TG (2) = c/ tg(t)dt
0

(c+1)2°G(2) + 271G (2) = e2%g(2)
(c+ 1)G(2) + 2G (2) = cg(2)
(c+ 1)D"G(2) + 2(D"G(z2)) = cD"g(2)
(c+1)D"1G(2) + 2(D"1G(2)) = D" g(2)

D" g(2) = —(c + 1)[P(2)D"G(2)] — 2[P(2)D"G(2)]

D" g(z) = —(c+ D[P(2)D"G(2)] - 2P (2)D"G(2) — P(2)2[D"G(2)]

D" g(z) = —(c+ [P()D"G(2)] - 2P (2)D"G(2) + P(2)D"'G(2)

D" Mg(z) = —[(c+ 1)P(2)D"G(z) — 2P (2) + P2(2)]D"G(2).

Also
¢D"g(z) = (c + 1)D"G(z) + 2(D"G(z))

cD"g(z) = (c+ 1)D"G(2) + D" G(2)

D"g(z) = [(c +1) = P(2)]D"G(2)

(39)

(40)
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D"g(z)  —[(c+ D)P(z) — 2P (2) + P*(2)]D"G(2)

Drgz) e+ 1) = P()DG2) (53)
Dlg(z) _ e+ 1) = P(R)IP(z) — 2P () (54)
Dry(2) [(c+1) =P(2)]
Dtlg(z) . 2P (2)
O (V6 )
From Lemma (2.4), let
R (56
where w(z) = zé(z), w(0) =0 and |w(z)| < 1,
Dtlg(z)  J14(2¢—Dw(2) (2¢ — 2)zw'(2)
Drg(z) { 1+ w(z) + (14 w(z))c+ (2—|—c—2§)]w(z)} ' (57)
By Lemma 2.5, there exits k > 1 such that zow (20) = kw(z), we obtain
D"g(z) _ _ [1+(2¢— Dw(20) (2¢ — 2)kw(20)
e R EliGa ey meni o
So that
D'g(2) 1-¢
he Drg(2) 2 2c+2—-2C —6¢>0 (59)
which is a contradiction for |w(z)| < 1, then G(z) € K§(¢). O
Corollary 3.3. If n=1, then
29 (2) 1-¢
Re<1+ g(z)><2c+2—2<_<' (60)
Corollary 3.4. If n=1, ( =0, then
zg " (2) 1
Re (1—1— ) ) <2+26. (61)
Corollary 3.5. [12]. If n=1, (=0 and c=1 then
zg" (2) 1
Re <1+ o) ) <7 (62)

Theorem 3.5. For n € N and 0 < ( < 1. The class K} (), is a convex family of concave meromorphic

univalent functions.
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Proof. Let g(z) and k(z) be in the class Kj((). For t € (0,1), it suffices to show that the function
h(z) = (1 —t)g(z) + tk(z) is in the class KF(C).

DHR(z) (1= )[ELE 5700 bl ak] 4 [ Uy 5700 ki, sk

—Re = — £ (63)
Dh(z) (1= 0)[E 3000 knagzh] + ({520 4 35 knbyzh)
2 D) GO 452 BntL[(1 — t)ay, + thyak] 2k o)
—_— e = Py .
Drh(2) CU" S k(1 — t)ay + thy)2k
Since g(z), k(z) € K§(¢). This implies that h(z) =L + 372 [(1 — t)ax + thy]2* € KF(¢). Therefore
DHn(2)
O
Theorem 3.6. Let n € N, 0 < ( < 1. Suppose that g(z) satisfies the condition
Dtg(z) } Dtg(z)
min Re{ —————— p = min |——————|, 66
2| <r { Drg(z) lz1<r|  Drg(2) (%)
for arbitrary (0 <r < 1)
D"+2g(2) D"tlg(2)
- 1
ReD”“g(z) < Re Dry(2) ¢+1, (67)
for 0 < ¢ <1/2.
and
D2 f(2) DMHf(z) ¢
for 1/2 < (¢ < 1.
Then f(z) € K§(C).
Proof. Let
D"t g(z)
— =Pz 69
el = PLe) (69)
then
! pn+2 pn+l
P(z) Drtlg(z) ~ Dryg(z)
By Lemma 2.3, condition (67) and (68), we have that
D”“Q(Z))
—Re| ———= | > C. 71
(Tt ) > ¢ o
O



A. A. YUSUF and M. DARUS

Theorem 3.7. Let n € N and g(z) be of the form (1). For 0 < ( <1, then

D OEMCHE)ar <1 (72)
k=1

if and only f € K™(().

Proof. Suppose that the condition (72) holds for (0 < ¢ < 1), it is sufficient to show that |1-(+a| < |1+8—q|
where Re(—a) > ¢ which implies that

e (T ()

From the relation that z(D"g(z)) = D"*lg(z), then

e

1-C+ (—Z(g:;(j))) )‘— 14+¢— (—Z(gjj((;)) )‘ <0
(1= QD g(2) + (~2(D"g(2)) )| — |1+ QD g(2) — (—=(D"f()) | < 0

3 k (_1)n G n-+1 k
LS
axz ) + B agz

k=1

fuvo(n

< @=Ol= 1"+ Y[ = OF" = k" Mgl ]2/*+ = ¢ = 1"+ Y [(1+ OF" + k" [ax]]2/*+
— k=1

n _ (_1)n - n+1 k
Zk ar 2k — +Zk aiz
k=1

) = > (K" + E))ax] < 0.
k=1

From the last inequality, we obtain the condition (72) of the theorem. O

Corollary 3.6. Let g € K{((), then

¢

1—
|ak| > m

Equality is obtained for
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Theorem 3.8. Let the function of the form (1) be in K§((), then for 0 < |z| =r <1,

PR SO et e
and
L k-0 k(1-¢) phe1

et < f () < g+

r2 k(¢ +k) k(¢ + k)

Equality in (75) and (76) are obtained for the function
1 = 1-¢
=4y — >
Proof. Since f € K§(¢), then from (72), we have that

Z|ak|§m~

k=1

For 0 < |z| =7 < 1, then

<]+

oo
E akzk
k=1

1 oo
< —-—+4r a
_TJr ];|k|

1, 1-¢
-+ ——r
“r  k"(C+Ek)
and
1 oo
1f(2)] = ol Zakzk
k=1
1 oo
> - rz |a|
" k=1
1 1-¢
> - — .
< r TR
Also
If ()] < Tt > kagzt
k=1

, 1 -
F @< =+ Y Hlal
k=1

/ 1 E(1—¢) 4_
|f(2)|§772+m7" !

(78)
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Z kakz

@Iz 5 -

, 1 =
F ()2 = = Dkl
k=1

, 1 k(1-¢) 4
|f (Z)|272—m7"k L

4. Conclusion

In this work we determine the properties which includes inclusion, integral representation, closure under an

integral operator, sufficient condition, coefficient inequality, growth and distortion.
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