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Abstract: The purpose of this paper is to cultivate the group theory by means of neutrosophic soft sense in a different
way. The concepts of neutrosophic soft coset, neutrosophic normal soft group, neutrosophic soft quotient group, direct
product of neutrosophic soft groups and simple neutrosophic soft group have been presented in a new approach. These
are illustrated by suitable examples. Their structural characteristics are investigated here in the parlance of group theory
in classical sense. Two kinds of composition namely binary composition ‘o’ between the elements of a classical group and
neutrosophic soft composition / neutrosophic soft product ‘o’ between the neutrosophic soft elements of neutrosophic
soft groups are used to practice here. Following the classical group theory, the concepts have been developed by using
the neutrosophic soft composition directly.

Key words: Neutrosophic soft coset, Neutrosophic normal soft group, Neutrosophic soft quotient group, Direct product,
Simple neutrosophic soft groups.

1. Introduction

Molodtsov [13] brought an opportunity to handle the uncertainty more precisely by introducing ‘Soft set theory’.
Researchers in several real fields deal daily with the complexities of modeling uncertain data. There are
different useful tools like probability theory, theory of fuzzy set [19], intuitionistic fuzzy set [3] etc to describe
uncertainty. But the parametrization inadequacy makes all these efforts unfruitful. In that ground, soft set
theory is remarkable because of it’s parametrization adequacy. Several authors [1, 2, 14, 15, 17, 18] extended
the different algebraic structures over fuzzy set, intuitionistic fuzzy set and soft set.

A more generalisation of classical sets, fuzzy set, intuitionistic fuzzy set is ‘neutrosophic set’ (NJS)
revealed by Smarandache [16]. It is recently being practiced in development of various mathematical structures
and decision making. The decision makers can get an opportunity to include their hesitation in decision making
by this theory. Intuitionistic fuzzy set theory can not meet that point. Another advantage of NS theory over
intuitionistic fuzzy set is that the characters representing an object are independent and appear explicitly. The
combination of NS and soft set was given first by Maji [12] and thus the notion of ‘neutrosophic soft set’ (Nss)
was brought to light. This concept has been practiced by several researchers [4-11] to develop different tracks
of mathematics.

This paper helps to investigate the characteristics related to neutrosophic soft group in a new direction.
After given some preliminary useful definitions in Section 2, the study is moved to Section 3 to state the main
results. Here, the concept of neutrosophic soft coset, neutrosophic normal soft group, neutrosophic soft quotient

group, direct product of neutrosophic soft groups and simple neutrosophic soft group are introduced in a new
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direction following the sense of classical group theory. Finally, the Section 4 deals the present work at a glance.

2. Preliminaries

We recall some necessary definitions and results to make out the main thought.

Definition 2.1. [4] A continuous ¢- norm * and ¢- conorm ¢ are two continuous binary operations assigning
[0,1] x [0,1] — [0,1] and obey the under stated principles :

(i) * and © are both commutative and associative.

(i) uxl=1xu=wuand uo0=00u=u, Yuec [0,1].

(i) usv<pxqgand uov <poq if u<p v<gq with wu,v,pqe€]l0,1].

uxv =wuv,u*v =min{u, v} u*v=max{u+v—1,0} are most useful ¢t-norms and

uov=u+v—uv,uov=max{u,v},uov =min{u+ v,1} are most useful ¢-conorms.

Definition 2.2. [13] A soft set on an initial universe X is presented by a pair (M, D) where D C E, the
parametric set and M maps D — p(X), the power set of X.

Definition 2.3. [16] An NS @ on an initial universe X is presented by three characterisations namely true
value T, indeterminant value I and false value F so that Tg,Ig,Fo : X —]70,17[. Thus @ can be
designed as : {< u, (Tg(u), Ig(u), Fo(u)) >: u e X} with 0 < sup T (u) +sup Ig(u) +sup Fg(u) < 3*. Here
1T =146, where 1 is standard part and § is non-standard part. Similarly ~0 = 0 — §. The non-standard set
]70,17] is basically practiced in philosophical ground and because of the difficulty to adopt it in real field, the

standard subset of |70, 17 i.e., [0,1] is applicable in real neutrosophic environment.

Definition 2.4. [12] An Nss on an initial universe X is presented by a pair (N, B) where B C E, the
parametric set and N maps B — NS(X), the set of all NSsof X.

Deli and Broumi [11] proposed this notion in a new look.

Definition 2.5. [11] An Nss @ on (X, E), X being the universe set and E being the parametric set, is
presented by an ordered pair (e, fo(e)),e € E where fo maps E — NS(X), the set of all NSs on X and is
given by fq(e) = {< u, (T (e)(u), Lo e) (), Fro(ey(u) > u € X} with Ty, ) (), Lpg (o) (w), Froe)(u) € [0,1]
and 0 < Ty (e) (u) + L) () + Fro(e)(u) < 3.
Definition 2.6. [5] Consider two Nss P and () on the common universe U via parametric set E. Then,
1. P is called neutrosophic soft subset of (), denoted as P C @, when
Ttp(e) (1) < Trq(e)(w)s Lspe) () 2 Lpg o) (u), Fpp(e) (0) 2 Firg(e(u), Ve € B u € X.
2. the ‘AND’ operation (P A Q) is also an Nss and is defined by :
M ={[(e,e), {< u,Tpy (e,en (W), Lpps(e,en) (W), Frppe,ery(u) >:u € X} 2 (e,€') € Ex E}
where T, (c.e) (W) = Tpp(e) () * T () (1), Ly (erer) () = Tpp(e) (@) © Lpg ey (u) and
Fpre,en () = Frp(ey () © Fyg (e (u).-
3. the ‘OR’ operation (P V Q) is also an Nss and is defined by :
K ={[(e,e¢), {<u,Ts(e,er)y (), L ey (), Fppe(eery(u) >:u € X} :(e,€) € Ex E}
where Ty (e.e)(U) = Trp(e) (W) © Tg ey (W) Ly e,y (w) = Lpp(e)(w) * Ly (ery(u) and
Fre(eeny () = Frp (o) (u) * Frg(en (u).-
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Definition 2.7. [6] An Nss function (¢, &) is presented by (X, E) — (Y, E) where ¢y : X - Y and £ : E — E.
Define two Nss P on (X, E) and @ on (Y, E). Then,

(1) the image of P under (¢,¢&) is an Nss (¢,&)(P) on (Y,E) and it is defined as : (¢,&)(P) = {<
&(a), fypy(&(a)) > a € E} where Vb € {(E),YVveY,

_f maxy )=y maxgg)=p [Tfp(a)(w)], foruev=(v)
Tty ){ 0 , otherwise. i

_ [ minggu=y minga)=p L1, (0)(w)], foru e v=(v)
Lsy o) ){ 1 , otherwise. i

. minw(u)zu ming(a):b [Ff (a) (U)L foru € 1/)—1(’0)
Fryim®)( )—{ 1, otherwise. i

(2) the pre-image of @ under (¢,&), is an Nss (¢, £)71(Q) on (X, E) and it is defined as, Va € £71(E),Vu € X,
Tt, 1o (@) = Troean (@), Iy, - () (W) = Tgle@n($(w), Fr, o (@) (W) = Frole(an (¥(w)-
(1, €) is injective (surjective) when ¢ and £ both are injective (surjective).

Definition 2.8. [4] The neutrosophic soft product of Nss P and @ defined on a groupoid G is denoted by
Po(@ and it is also an Nss S defined as, for (a,b) € E x Fandu € G,

_ maxy—uo[Trp0) (2) * Try 5y (V)]
Tfs(a»b)( )= { 0 ifucan notbeputas u = zv.

o ming_y [T, 0 (@) © L) (V)]
s (apy(u) = { 1 ifucan notbeputas u = xv.

~f ming—g[Fyp ) () © Fro ) (v)]
Fio(ap) (u) = { 1 ifucan notbeputas u = xv.
Definition 2.9. [8] 1. The null Nss on (X, E) is denoted by ¢x and is defined by (fs, (e))(u) = (0,1,1),Ve €
EVue X.
2. The absolute Nss on (X, E) is denoted by 1x and is defined by (f1,(e))(u) =(1,0,0),Ve € E,Vu € X.
Clearly, ¢% = 1x and 1§ = ¢x.
Definition 2.10. [8] 1. An NS (e, fo(e)), e € E in an Nss Q over (X, E) is called a neutrosophic soft point
denoted by eq, if fo(e) ¢ ¢x and fg(e') € ¢px Ve' € E — {e}.
2. The complement of eq is also a neutrosophic soft point ef, such that f§(e) = (fg(e))¢ hold.
3. A neutrosophic soft point eg € P, an Nss if fo(e) < fp(e) for e € E.
Definition 2.11. [5] An NS @ defined on a crisp group (G, o) is called a neutrosophic subgroup of (G, o)

with respect to the following sets of condition.

To(uowv) > To(u) * To(v) To(u™") > To(u)
(1) ¢ Ig(uow) <Ig(u)olg(v) (i1) § Io(u™") <Ig(u)
Fo(uow) < Fo(u) o Fg(v), Vu,v € G. Fou™') < Fg(u), Vu € G.

An Nss Q on ((G, o), E) will be a neutrosophic soft group (NSG) if fg(e) is a neutrosophic subgroup of (G, o),
Veec E.
Over ((G,0),FE), an NSG P is called a neutrosophic soft subgroup of another NSG @ if P C Q.
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3. Main Result

Earlier, we have defined the left and right neutrosophic soft coset (NSC) of an Nss P over a classical group G
in the paper [6]. Here we shall extend this concept for a neutrosophic soft subgroup M of an NSG P.

Through out the study, unless otherwise stated we shall treat G as a classical group and F as a parametric set.

Definition 3.1. Over ((G,0), E), define two NSGs M, P with M C P and ej,es € E. Then for a fixed but
arbitrary neutrosophic soft element fp(e;1) € P, the left NSC of M in P is:

fp(el)OM

{fr(er)ofr(e2) : far(ez) € M}
= {< u, (TfL(el,EQ)(u)’I,fL(€1752)(u)’FfL(ehEQ)(u)) >ueq: fM<€2) € M}
for f1.(e1,e2) = fr(e1)ofu(e2)

Similarly, for fp(e;) € P, the right NSC of M in P is :

Mofp(er) {fu(ez)ofp(er) : frule2) € M}

= {< u, (TfQ(ez7e1)(u)vIfQ(ebel)(u)’FfQ(€2751)(u)) ZueG: fJV[(€2) € M}
for fo(ea,e1) = fum(ez)ofp(er)

Example 3.1. Let us consider two NSGs M, P over (G,E) given in Table 1 and Table 2, respectively with
respect to t-norm u* v = uv and s-norm uov = u+v —uv where G = ({1,w,w?},:) is the multiplicative

group of cube root of unity and E = {a,b,c}.

Table 1. Table for NSG M.
fu(a) fa () fu(e)
(0.5,0.6,0.4) (0.3,0.6,0.7) (0.2,0.3,0.4)
w | (0.4,0.7,0.4) (0.3,0.8,0.6) (0.5,0.2,0.6)

—_

w? (0.3,0.8,0.5) (0.4,0.6,0.7) (0.3,0.3,0.4)
Table 2. Table for NSG P.
fr(a) fr(b) fr(c)
1 (0.9,0.6,0.2) (0.5,0.4,0.1) (0.4,0.3,0.3)

w | (0.7,0.5,0.4) (0.4,0.5,0.3) (0.5,0.2,0.4)
(0.8,0.7,0.3)  (0.5,0.6,0.2) (0.6,0.2,0.3)

&
o

Clearly, M is a neutrosophic soft subgroup of P. The left NSC of M in P is {fp(a)oM, fp(b)oM, fp(c)oM}
and it is given by Table 3.

For convenience of Table 3, the result of w? in fp(a)ofar(b) is provided. w * v = min{u,v} and
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uov = max{u,v} are considered to prepare Table 3 and Table 4.

Tty (a) (W7)
Ity oy (W?) =

Fran(@W?) =

Similarly, the right NSC of M in P is {Mofp(a), Mofp(b), Mofp(c)} and is given by Table 4.

= maX{TfP(a)(

min{IfP(a) (1) < IfM(b) (w

min{FfP(a)(l) <& FfM(b) (w

1) * TfM(b) (w

2)7pr(a)(w

), T (ay(w

%), Fro(ay(w

%) Trrv) (1), Tpp ) (W) * Ty vy (W)}
= max{min(0.9,0.4), min(0.8,0.3), min(0.7,0.3)} = max{0.4,0.3,0.3} = 0.4
%) o L) (D) o) (@) © Ipyy ) (@)}
= min{max(0.6,0.6), max(0.7,0.6), max(0.5,0.8) } = min{0.6,0.7,0.8} = 0.6
%)@ Fro ) (1) Fpp(a) (@) © Fpyp (@)}
= min{max(0.2,0.7), max(0.3,0.7), max(0.4,0.6) } = min{0.7,0.7,0.6} = 0.6

Table 3. Table for left NSC of M in P

fr(a)ofu(a) fr(a)ofam(b) fr(a)ofa(c)
1 | (05,0.6,0.4) (0.4,0.6,0.6) (0.5,0.5,0.4)
w | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.5,0.5,0.4)
w? | (0.5,0.7,0.4) (04060@ (0.5,0.5,0.4)
fe(b)ofu(a)  fr(b)ofr(b)  fr(b)ofu(c)
1 [(05,0.6,0.4) (0.4,0.6,0.6) (0.5,0.4,0.4)
w | (0.4,0.6,0.4) (0.4,0.6,0.6) (0.5,0.4,0.4)
w? | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.4,0.4,0.4)
fe(c)ofm(a)  fr(c)ofm(b)  fr(c)ofu(c)
1 (0.4,0.6,0.4) (0.4,0.6,0.6) (0.5,0.2,0.4)
w | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.4,0.3,0.4)
w? | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.5,0.2,0.4)
Table 4. Table for right NSC of M in P
fM(a)OfP(a) fM( )OfP( ) fM(C)OfP(a)
1 | (05,0.6,0.4) (0.4,0.6,0.6) (0.5,0.5,0.4)
w | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.5,0.5,0.4)
w? | (0.5,0.7,0.4) (04060@ (0.5,0.5,0.4)
fru(a)ofp(b)  fu(b)ofr(b)  fu(c)ofr(b)
1 |(0.5,0.6,0.4) (0.4,0.6,0.6) (0.5,0.4,0.4)
w | (0.4,0.6,0.4) (0.4,0.6,0.6) (0.5,0.4,0.4)
w? | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.4,0.4,0.4)
fula)ofp(c)  fu(b)ofp(c)  ful(c)ofr(c)
1 | (0.4,0.6,0.4) (0.4,0.6,0.6) (0.5,0.2,0.4)
w | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.4,0.3,0.4)
w? | (0.5,0.6,0.4) (0.4,0.6,0.6) (0.5,0.2,0.4)

Remark 3.1. From the above example we see that the nature of coset in an NSG is dissimilar to that in a
classical group. We take the case of left NSC only. Similar conclusion holds in case of right NSC' also.

(1) Any pair of NSCs fp(a)oM, fp(b)oM and fp(c)oM are neither equal nor disjoint.
= fp(c)ofar(b) = {< 1,(0.4,0.6,0.6) >, < w, (0.4,0.6,0.6) >, <

common element fp(a)ofa(b) =
w?,(0.4,0.6,0.6) >}.

fp(b)ofr(b)

They have only one
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(ii) For the left NSC of M in P, each element fp(a)ofrm(a), fp(b)ofa(a), fp(c)ofm(a), -+ € PAP
by Definition 2.10, as fp(a)ofam(a) C fpap(a,a), fp(b)ofam(a) C fpap(b,a) and so on. But the cosets
do not make partition of P AN P. Here we use the term ‘partition’ in the sense that U (fp(e)oM) = P A
P (ie., in a particular case it may happen in the Example 3.1 that fp(a)oM = fpap(a,a), fp(b)oM =
feap(b,b), fp(c)oM = fpap(c,c),Vfrm(e) € M and so on) and Va,b(a # b) € E,(fp(a)oM) N (fp(b)oM)
is not identical with an element of P A P. We do not use the expression (fp(a)oM)N (fp(b)oM) ¢ PAP due
to the Definition 2.10.

That is why there is a problem to develop the Lagrange theorem for NSG. So we have introduced here
only the concept of Lagrange NSG.

Definition 3.2. Let P be an NSG over (G, E). The number of distinct elements in P is called the order of P
and is denoted by |P|. A finite NSG P over (G, E) contains finite number of elements, otherwise it is called
infinite NSG.

Example 3.2. 1. Let us consider an NSG P over (V, E) as given in Table 5 where V' = {e, a,b, c} be the Klein’s
4 group and E = {a, §,7,8} be the set of parameters. * and ¢ are uxv = max{u+v—1,0}, uov = min{u+wv, 1}.

Table 5. Table for NSG P

fr(a) fr(B) fr(v) fr(d)
¢ [(0.6,0.3,01) (0.8,0.1,0.3) (0.7,0.2,0.1) (0.6,0.3,0.3)
a | (0.7,02,0.7) (0.5,0.3,0.4) (0.8,0.1,0.2) (0.6,0.3,0.4)
b | (0.7,0.2,0.5) (0.8,0.1,0.5 (0.6,0.3,0.3) (0.5,0.4,0.6)
¢ | (0.6,03,0.2) (0.7,0.2,0.3) (0.7,0.1,0.4) (0.4,0.2,0.5)

It is a finite NSG.

2. Consider another NSG M over (G,E) where E = N (the set of natural numbers), be the parametric set
and G = (Z,+) be the group of all integers. Define a mapping far : N — NS(Z) where, for any n € N and
x € Z,

0, z odd o & odd 1-— T odd

Tty (ny (@) = { 51 , T even. Ipysmy (@) = { 0, z even. Fpasmy () = { 0, Sna’f even.

Corresponding t-norm and s-norm are taken as w*v = min{u, v}, uov = max{u,v}. It is an infinite NSG.

Definition 3.3. Let P, M be two finite NSGs over (G, E) such that P C M. If |P|/|M]|, then P is called a
Lagrange neutrosophic soft subgroup. For a finite NSG M, if all it’s neutrosophic soft subgroups are Lagrange
then M is said to be a Lagrange NSG.

An NSG M, having no Lagrange neutrosophic soft subgroup, is called Lagrange free NSG.

Example 3.3. We consider the NSG M over [(Zs,+),E] given in Table 6, where E = {e1,ea,e3,€4}.
uxv =max{u+v—1,0},uov =min{u+ v,1} are corresponding t-norm and s-norm.

We construct two neutrosophic soft subgroups P,Q of M over that [(Z3,+), E] given in Table 7 and
Table 8, respectively.

Here |P| =4 and |Q] = 3, as fo(e2) = foles). Thus |P|/|M| but |Q| does not divide |M| i.e., the
order of each neutrosophic soft subgroup of M does not divide |M|. So in general, an NSG does not satisfy the

Lagrange theorem in classical sense. Moreover P is called a Lagrange neutrosophic soft subgroup of M .
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Table 6. Table for NSG M
Ja(er) Ju(e2) Ju(e3) Su(es)
(0.7,0.4,0.3) (0.6,0.5,0.6) (0.3,0.7,0.4) (0.4,0.5,0.5)
(0.5,0.7,0.2) (0.7,0.3,0.4) (0.6,0.5,0.3) (0.1,0.7,0.6)
(0.4,0.8,0.5) (0.5,0.6,0.7) (0.5,0.4,0.2) (0.5,0.8,0.4)

o] = O

Table 7. Tabular form of neutrosophic soft subgroup P
fr(e1) fp(e2) fp(es) fp(ea)
(0.6,0.5,0.4) (0.5,0.6,0.7) (0.2,0.8,0.5) (0.3,0.6,0.6)
(0.4,0.8,0.3) (0.6,0.4,0.5) (0.5,0.6,0.4) (0.1,0.8,0.7)
(0.3,0.9,0.6) (0.4,0.7,0.8) (0.4,0.5,0.3) (0.4,0.9,0.5)

| = Ol

Table 8. Tabular form of neutrosophic soft subgroup @
faler) fa(e2) fa(es) fa(es)
(0.5,0.6,0.5) (0.3,0.7,0.8) (0.3,0.7,0.8) (0.4,0.7,0.6)
(0.3,0.7,0.4) (0.5,0.5,0.6) (0.5,0.5,0.6) (0.1,0.7,0.8)
(0.1,0.8,0.7) (0.2,0.7,0.7) (0.2,0.7,0.7) (0.3,0.8,0.4)

ol =] O

Theorem 3.1. Let M, P be two NSGs over (G,E) such that M C P. Then any two left (right) NSCs of M

i P have same cardinality.

Proof. Proof. Let fp(a)oM and fp(b)oM be two left NSCs of M in P over (G, E). We define a neutrosophic
soft mapping (4,€) : fp(@)oM —> fp(b)oM by (1,€)(Ffp(a)ofu(e)) = fr(blofar(e), ¥ fu(e), furl(e) € M e,

(0, 6)(fr(a,e)) = fr(b,e') where fp(a)ofa(e) = fr(a,e). We are to show that (1,£) is bijective. Let,
(7% 5)(fL(a’a 61)) = (wa g)(fL(a'a 62))
= wa(L)ﬁ(%el)(y) = wa(L)f(a;ez)(y)’ Ifzp(L)f(ayel)(y) = Ifw(L)f(a7€2)(y)’
Ff¢(L)§((l7€1)(y) = Ffw(L)E(a@)(y)’ vy € G.

= max max [T, (g.e) ()] = max max [Tt q.e.)(2)],
Ve dey rstmen @] =i o s wen) ()

min min |17, (g.e) ()] = min min [Ir, (4.¢.) ()],
o ety e wen (O] = it oty W) ()

min min [F a,e xr = min min [F a.e )|, lfl'e —1
Do ety Frsteen ()] = it i s oo () v (y)

and if ¢ ¥ '(y), the equality is also obvious from definition.

= TfL(a,el)(x) = TfL(ave2)(x)’ IfL(axel)(x) = IfL(a,ez)(x)7 FfL(a,e1)($) = FfL(a,EQ)(x)’
Vr € G (as x is arbitrary).

= frla,e1) = fr(a, e2)

Thus (¢, &) is injective and from formation (¢, ) is onto also. This ends the proof. O

The theorem can be verified from the Example 3.1.

Definition 3.4. An NSG P over the group G is called abelian NSG if fp(a)ofp(b) = fp(b)ofp(a), Ya,b € E,

otherwise it is non-abelian.
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Example 3.4. 1. The NSG P defined in Example 3.1 is abelian.

2. We define another NSG @Q over (S3, FE
S ={1,2,3} i.e., S3={po(i), p1(123), p2(132), p3(23), p4(13), p5(12)} and E = {a,b,c}, as given in Table 10.

) where S3 is the group (Table 9) of all permutations on the set

Table 9. Table for multiplication operation on Ss

- | PoP1 P2 P3 P4 P5
Po | Po P1 P2 P3 P4 P5
pPr | P P2 Po Ps  P3 P4
p2| P2 pPo P1 P4 P55 P3
P3| P3 P4 P5 Po P1 P2
P4 | P4 P5  P3 P2 Po  P1
P5 | P5 P3 P4 P1 P2 PO

Table 10. Tabular form of NSG @

fq(a) fq(b) fq(c)
po | (0.4,0.4,0.9) (0.6,0.6,0.6) (0.5,0.6,0.6)
p1 | (0.6,0.4,0.7) (0.5,0.8,0.5) (0.4,0.5,0.7)
p2 | (0.4,0.5,0.8) (0.5,0.6,0.7) (0.3,0.6,0.4)
ps | (0.5,0.7,0.6) (0.4,0.5,0.4) (0.7,0.4,0.5)
ps | (0.7,0.6,0.7) (0.2,0.4,0.8) (0.5,0.3,0.4)
ps | (0.3,0.3,0.5) (0.7,0.5,0.3) (0.6,0.5,0.6)

uxv=max{u+v—1,0},uov =min{u+v,1} are t-norm and s-norm. Then Q is non-abelian NSG
over (Ss, E).
To verify, we estimate the truth membership functions of p1 in fo(a)ofo(d) and fo(b)ofg(a) with respect

to the said t-norm. Here py = po-p1=p1-pPo=pP2 P2 =pP3 P41 = P4 P5 = pPs-p3. Now,

Tty (apy(p1) = max{Ty,a)(po) * Tty () (01); Thqa)(P1) * Trow)(P0); Tt (a) (P2) * Tro ) (p2),
Tt (a)(P3) * T ) (P4): Trg (a) (Pa) * T ) (P5)s T (a) (P5) * Tyq vy (p3) }
— max{0.4%0.5,0.6  0.6,0.4 % 0.5,0.5 % 0.2, 0.7 ¥ 0.7, 0.3 % 0.4}

= max{0,0.2,0,0,0.4,0} = 0.4

Tr ) (p1) = max{Ts,w)(p0) * Tro)(P1), Tiow)(P1) * Tio(a)(P0)s Tro ) (P2) * Thy(a)(p2),
Tro)(03) * Tig(a)(Pa), Trow) (Pa) * Tig(a)(P5), Trqm)(P5) * Tig(a)(p3)}
= max{0.6 x0.6,0.5%0.4,0.5%0.4,0.4 % 0.7,0.2 % 0.3,0.7 % 0.5}

= max{0.2,0,0,0.1,0,0.2} = 0.2

Remark 3.2. An NSG P will be abelian or non-abelian according as the classical group G and the parametric
set E over which P is defined are together abelian or mon-abelian, respectively unless all neutrosophic soft

elements in P are identical.

Definition 3.5. A neutrosophic soft subgroup M of an NSG P over (G, E) is called neutrosophic normal soft
subgroup if fp(e)oM = Mofp(e),Vfp(e) € P.



T. Bera and N. K. Mahapatra

Example 3.5. 1. From Table 3 and Table 4, it is clear that M is a neutrosophic normal soft subgroup of P
over (G, E).

2. The null NSG ¢ over (G, E) is a neutrosophic normal soft subgroup of every NSG P defined over same
(G,E).

3. The NSG Q in Table 11 has no neutrosophic normal soft subgroup except ¢s, .

Remark 3.3. (i) For a neutrosophic normal soft subgroup M of an NSG P, each left coset and right coset
of M in P are equal. We then call only neutrosophic soft coset of M in P instead of left and right coset

separately.

(il) Every neutrosophic soft subgroup of an abelian NSG is always normal as well as abelian. In particular, each
abelian NSG is itself normal.

(iii) Every non-null neutrosophic soft subgroup of a non-abelian NSG is non-normal.

(iv) Every neutrosophic normal soft subgroup of an NSG is abelian. In particular, each neutrosophic normal

soft group (Nnsa ) is itself abelian.

Theorem 3.2. Let P be an Nygg over (X, E) and (¢,€) : (X,E) — (Y, E) be a neutrosophic soft
epimorphism where X,Y are two classical groups and E is a parametric set. Then (1,£)(P) is an Nysc
over (Y, E).

Proof. Here P is abelian NSG over (X, FE) and so both X, E are abelian together. For z,z1,25 € X with

r=2x102x9 and a,b € E, we have,

fr(a)oP = Pofp(a), Vfpr(a) € P
= fp(a)ofp(b) = fp(b)ofr(a), Vfr(a), fr(b) € P
= max [Ty, (@1) * Trpy(x2)] = max [Ty, ) (1) * Tpp(a)(22)],

T=x10T2 T=x10T2

min [Iy,(0)(®1) 0 Lypm)(@2)] = min [Ir,0)(21) 0 Lpp(a) (22)],

T=T10x2 T=T10x2

min [Ffp(a)(xl)oFfP(b)(xg)]: min [Ffp(b)(xl)OFfP(a)(l‘Q)].

r=x10x2 r=x10x2

As (1,€) is a neutrosophic soft epimorphism, for y,y1,y2 € Y and o', € E such that ¢(z) = y,¢(x1) =
y1,(x2) = y2 and {(a) = a/,§(b) = V.
Also (x) = (z1 0 x2) = P(x1) o (x2) i.e., y =y1 0ya. Then,
Max [Tty @) (Y1) * Tp oy () (2)]

= max max max |1’ x1)| * max max [T T
y:yloyz{ylzw(ml)a’:f(a)[ fP(a)( 1)} yz:w(wz)b’:f(b)[ fP(b)( 2)]}

= max max max |Tr (oy(x1) *xT T
VB Sy ety e (1) * Troy (2]}

max max max |1, o) (x1) *T T
b eoiin o2 @) * Trp oy (22)l}

s s e, oo o) T @2}
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by the condition of truth membership function provided

Next

)

Finally,

max max { max |T x1) * Tr o) (T
Jax 5(boa){m“m[ o) (1) * Trpa) (72)]}

(‘as E is abelian in classical sense)

max max max [T x1) % Te o) (T
ymax { max  max [Ty, o)1) * Ty () (22)]}

max max max |71 z1)* T o) (T

B ) edhetin @) * Tre (22}

max max max |1 z1)|* max max [Tr, ) (x
y=y1oy2{y1:w(zl)b/:g(b)[ v (21)] yg:w(m)a/:g(a)[ fr(a)(z2)]}

y:H;?’g(yQ [wa<P) (b') (yl) * wa(P) (a’) (y2)] N

y:IEHDIyQ L 1yoy (@) 1) © Ly ) (2)]

min min = min [/, () (x1)]©¢ min  min [ T
Ly B 2l @l ol iy Hee e ()1}

min {

min min |/ x1)ol x
y=y1002 * P(z1)o(w2) g(a)og(b)[ se@ @) @ Le ) (@2)]}

min min min [l o) (x1) 01 T
wermpen) <oty Lt @ @) o L (2]}

min min min [/ z1)ol T
o(in €(boa){mﬁlm[ e (#1) 0 Ipp(a)(22)]}

e er
o iy € min, s (o2) @ i 02}

. . in 17 olri
y2in 4 min - min [Fp ) (1) © Ipp () (22)]}
min min min [[ z1) ol (0 (x
y:y10y2{w(x1)ow(x2) f(b)of(a)[ fp(b)( 1) Ie( )( 2)]}

min min  min |/ z1)lo min  min [, (2
y:yloyz{ylzw(zl)b’:g(b)[ fP(b)( 1)] y2:¢(x2)a,:£(a)[ fr( )( 2)]}

i I , ol a’
y:n';/llllgy2[ Fupy (b ) (1) Foepy( ) (v2)]

ygigyz [ty (ar) (Y1) © Fy oy 0 (912)]

min min  min [Ff,)(x1)]¢ min  min [F T
y—yloyz{ylzzp(m)a/ §(a)[ fp( )( 1)} y2:w(m2)b’:§(b)[ fp(b)( 2)]}
min min min [F x1)o F x
y:yIOyZ{IZJ(wl)OIZ)(wQ) f(a)og(b)[ fP(a)( 1) fp(b)( 2)]}

min min min [Fr (o) (z1) 0 F T
sormbten ety o2, Frr@ (1) Frp (22)]}

min  min min [F 1) 0 Froo) (@
o(in 5(boa){z:x1ox2[ 1) (21) © Frpa) (22)]}

min  min { min [Ff,4)(21) © Frpa)(22)]}

P(xz10x2) E(boa)  T=T10x2

10
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— min min min [F o F )
y:y}oyz{w(wllowz) E(bclm)[ 1e®)(@1) 0 Frpa) (@2)l}

= min min min |[F 1) 0 Froa)(x
Vot e o) et 1 1) Fre (21}

= min min  min |F r1)|e min  min |[Fy, (T
st o iy @l e B @ (2)l)

= min [Ffw(P)(b')(yl)OFfw(P)(a')(yz)]' (3)

Y=Y10Y2

From (1), (2) and (3), we have, fyp)(a’)ofyp)(b') = fyp)(b)ofy(p)(a’)
= fyup)(@)o(¥, ) (P) = (¥, §)(P)ofypy(a’), as fyp)(b') € (¥,§)(P) arbitrary.
As fypy(a’) € (1,£)(P) is an arbitrary, so (1,§)(P) is an Nysg over (Y, E). O

Theorem 3.3. Let M be an Nygg over (Y, E) and (v,§) : (X, E) — (Y, E) be a neutrosophic soft
homomorphism where X,Y are two classical groups and E is a parametric set. Then (,&)"Y(M) is an
Nynsg over (X, E).

Proof. Here M is abelian NSG over (Y, E) and so both Y, E are abelian together. Let a,b € ¢~1(E) and
x,r1,22 € X with @ = zq1 oxe. As (1,£) is a neutrosophic soft homomorphism, so (z) = ¥(z; o x3) =
(x1) o (x2). Then,

fr(€a))oM = Mofy(§(a)), Vin(E(a)) € M
= fu(&(a))ofu(§(b)) = far(€(b))ofa(€(a)), Vim(E(a)), fru(E(b)) € M

= ma, T a x1)) * Ty, T
vormax o Tnle@n (@) * Ty (¥ (@2))]

= max T x1))*xT a T2))l,
yomax  Tratew) (@) * Thyfea) (¥ (22))]

min I @ x1)) ol T
)i oy L@V (@1) © Ly (¥ (22))]

min I z1))ol a z2))|,
pyotmin o Erten (@) o ey ((z2)

min F a r1))o F T
)i o @ (¥ (21)) © Fpy e (¥(22))]

= min F x1))o F @ z3))].
w(x):w(xl)w(m)[ Farle®)(W(@1)) © Fryy ey (¥ (22))]

As (¢, ) is a neutrosophic soft homomorphism, so ¥(x) = (x1 0 x3) = ¥(x1) o Y(x2).

Now, P, L1 @ (@1) * Ty oy 0 (22)]

= ma. T a x1))* T T
syomax e (@) * Ty e (¥(@2))]

= a T * T a
w(z)gp(fwm)[ Farle@) (W (@1)) * Ty eay (¥ (22))]

( by the condition of truth membership function provided )

= max [Tfu;*l(M)(b) (.’171) * wa—l(M)(a) (xz)] (4)

r=x10x2

11
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Next, min [Ifw—l(M)(a)(‘Tl) OIfu;—l(M)(b)(zQ)]

T=x10To
min I¢ i1e(a x1))o Iy T
oy e L@ (¥ (@1) @ Lragfe) (¥(w2))]

- i I oIt et
o) :Iflpl(?lom)[ Farle@n((x1)) © Lry (o) (¥ (22))]

( by the condition of indeterminacy membership function provided )

- x:rgsligm [Ifwfl(M)(b) (1) ]fw*(M) (@) (72)] (5)
Finally, Jin [Fr @ (@) 0 Fr 0 (22)]

min F o z1))o F T
oy e F e (¥ (1)) © Frog e ((22))]

= i F o Fruie(a
oo i Enteen (@) 0 Fra e (¥(2))]

= min [Ffw—l(M)(b)(‘rEl) OFfwfl(M)(a)('rz)]' (6)

From (4), (5) and (6), we have,
Fo=1any(@)ofy-10n)(0) = fy=1(an) (B)of -1 () (a).-

= fy-10m(@)o(y, &) (M) = (¥, &) (M)ofy-1(m)(a). [as fy-1(a)(b) € (¥,€)71 (M) arbitrary.]
As fy-1)(a) € (1, €)1 (M) is an arbitrary, so (1,£) "1 (M) is an Nyge over (X, E). O

Theorem 3.4. Let M be a neutrosophic normal soft subgroup of an NSG P over (G, E) and Q be a collection
of all distinct NSCs of M in P. Then Q forms an NSG over (G,E x E).

Proof. As M is an Nygg defined over (G, E), then M is abelian and so G is abelian by Remark 3.2. Moreover
there is no distinction between left and right NSC of M in P over (G,E x E). Let (a,b) € E x E and
T,Y, 2, Y1, Y2, 21, 22 € G be arbitrary such that x =yoz,y =y, oys,2 = 21 0 2. Suppose PoM = L. Now,

Tty (ab) (W) * Tty (ap) (2)
= max [Ty, (Y1) * Try)(Y2)] ¥ max [Ty, ay(21) * Ty, vy (22)]

Y=Yy10Yy2 Z=2z1022

= max (Trpa) (1) * Tryy ) (Y2)) * (Tpp(a)(21) * Ty ) (22))]

z=(y10y2)o(z1022)

= max (Ttp(a) (1) * Trp(ay(21)) * (Trpr ) (y2) * Ty () (22))]

x=(y10y2)o(21022)

(‘as * is commutative )

IN

max (Tfp(a) (Y1 © 21) * Ty () (Y2 © 22)]

z=(y10y2)o(z1022)

(‘as M and P are two neutrosophic soft groups )
= Ttianlyro21) o (y202)]

= TfL(aJ,)[(yl oys)o(z1029)] (as G isabelian )
= Ty (ap)(yo2).

Thus, T, (b)Y © 2) > Tf, (a,6)(Y) * Tty (ap)(2) . Next,

12
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Ity vy W) * Iy (ap) (2)
= min [I5a) (1) © Iy ) (y2)] 0 min [Ty, 0)(21) © Iy 0)(22)]

Y=yY10Y2 2=21022

= min [(Lsp(a) (1) © Lpr(6) (¥2) © (Lgp(a) (21) © Lppy (1) (22))]

z=(y10y2)o(z1022)

= min (Lpa)(W1) © Lipa)(21)) © (Lpprv) (y2) © Lppp () (22))]

z=(y10y2)o(z1022)

2 min [pr(a) (y1 ) 21) < IfM(b) (y2 o 22)}

z=(y10y2)o(z1022)

= It aplyroz)o(y2022)] = It (apl(y10y2) o (210 22)] = It (a,p) (Y © 2).
S0, If, (a) (¥ ©2) < Ity (ap)(y) © L5, (ap)(2). Finally,

Fran)(y) © Frp(an)(2)
= min [Fy,a)(y1) ¢ Fry@(y2)]l o min [Fru)(21) © Fry, ) (22)]

Y=Y10Y2 zZ=2z1022

= min [(Ffpay (1) © Fryv)(y2)) © (Frpa) (21) © Fry v (22))]

z=(y10y2)o(z1022)

= min [(Ftp(a) (1) © Frp(a)(21)) © (Fpp v) (y2) © ) (22))]

z=(y10y2)0(z1022)

> min [Ftp(a)(y1 0 21) © Fryy ) (y2 © 22))]

z=(y10y2)o(z1022)

= Froanlyioz)o(y2o22)] = Fap)[(y10y2) 0 (210 22)] = Ff(ap)(y © 2)

Thus Fy, (ap)(y©2) < Ff,(ap)(¥) © Ffp (a,p)(2) and this ends the proof. O

This group 2 is called neutrosophic soft quotient group of P by M over (G, E x E) and is denoted by
P/M.

Proposition 3.1. Let M be a neutrosophic normal soft subgroup of an NSG P over (G, E). Then there exists
a neutrosophic soft homomorphism (¥,§) : P — P/M defined as (¢,€)(fp(a)) = fp(a)oM,Vfp(a) € P if

uxv =min{u,v} and uov = max{u,v}.

Proof. Let (¢,€): P — P/M be defined as (¢,&)(fp(a)) = fr(a)ofa(e), Vi (e) € M. We shall show (1, §)

a neutrosophic soft homomorphism in the sense that

(W, O)fp(a)ofp(b)] = (¥, §)[fr(a)lo(¥, §)[fr(b)], Va,b € E.
= (fp(a)ofp(b))ofu(e) = (fr(a)ofu(e))o(fp(b)ofu(e)).

Since M is an Nygg over (G, E), so G is commutative. Let x,y, z, 1, 82,8,t € G such that t = x oy,s; =

13
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roz,8sg=yozs=toz. Then,

frla)ofp(b) = {<t, triljg;[Tfp(a) (@) * Trpv) ()], tlilggly[ffp(a) (@) o Lt ) ()],

min [Fy, ) (x) ¢ Fro)(y)] >:t € G}

t=xoy

(fr(a)ofp(b))ofu(e) = {<s, max[max [Ty, (a)(x) * Tpp ) (y)] * Thye) (2)],

fr(a)ofu(e)

fr(b)ofu(e)

Now,

Next,

Finally,

s=toz t=xoy

min [ min [T, q)() © L) (¥)] © Ly ) (2)]5

s=toz t=xoy

min [ min [Ff, ) () © Fr)(y)] © Frye)(2)] > 5 € G}

s=toz t=zxoy

{< st max(Tyy () () * Ty (o) (2)] minl g o) (2) © Ly e (2)]

min[FfN(a) (33) OFfM(e)(Z)] >:181 € G}

xroz

{< 52, rélggi[Tfp(z>)(y) * Tr(e)(2)]5 I?;?[pr(b) (W) © Ity (o) ()]

réloi?[Ffp(b)(y) O Fpy (e)(2)] >80 € G}

max{ max [Ty, (a) () * Ty, (e)(2)] * max [Ty, ) (y) * Ty ) (2)]}

$10S82 S1=x0z Sa=Yoz

max{  max ([T ) (@) * Tpy(e) ()] * [Tro)(0) * Thare) (2))}

81082 "s1082=(x0z)o(yoz)

max{ max ([Tt (a) (@) * Trpy ()] * [Thas ) (2) * Thpe)(2))) }

51082 “s10so=(xoy)o(z0z)
(‘as x and G both are commutative )

max { max [T, ) (%) * Tgn ) (U)] * Ty (e)(2)}

s=toz ~t=xzoy

min{ min [Ir,(a)(7) © L1y, ) (2)] © max [T, ) (y) © Ly, ) (2)]}

$10S82 S1=x0z Sa=Yoz

min { min (Ufp@) (@) 0 Ly e)(2)] © [Lrp) (¥) © Lpy (o) (2)])}

51082 sjosg=(x0z)o(yoz)

min { min (Lfp @) (@) o Lpp@) ()] © L) (2) © Lppr (o) (2)])}

51082 sy083=(xoy)o(z0z)

min { min [I7,q)() © Lrp0) ()] © Lry0)(2)}

s=toz t=xzoy

min{ min [Fy, (a)(2) 0 Fpy(e)(2)] © max [Fp, ) (y) © Fpyye)(2)]}

$10S82 S§1=x0z So=Yyoz

min { min ([Ffp(a)(@) © Frype) ()] 0 [Frp)(y) © Firype)(2)])}

81082 "s1082=(x0z)o(yoz)

min { min ([Frpa) (@) 0 Frpmy ()] © [Fry(e)(2) © Frppe)(2)))}

51082 "s10s2=(xoy)o(zoz)

min { min [Fy,q)(2) © Fo)(y)] © Frye)(2)}

s=toz ~t=xoy

From (7), (8) and (9), we see that
(fp(a)ofar(e))o(fr(b)ofr(e)) = (fr(a)ofp(b))ofr(e) and this ends the proof.

14
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Definition 3.6. Let M and P be two NSGs over (G, E). Their direct product is denoted by M ® P and is
defined as :

M@ P
(fu(a), fn (D))

{{(a,b), (far(a), fp(D))) : (a,b) € E x E} where
{< (@ 9), Try @) (@) * Trp@) (V)5 Lag(a) () © Lrp ) (1),
)OFfP(b)(y) > (l‘,y) €Gx G}

Fpy(ay(@
The definition can be extended for any finite number of NSGs.

Example 3.6. Consider NSGs M, P defined in Table 1 and Table 2, respectively. Then their direct product

M ® P is given in Table 11. The * and ¢ are taken as u+ v = min{u, v}, u o v = max{u,v}.

Theorem 3.5. Let M, P be two NSGs over (G,E). Then their direct product M ® P is also an NSG over
(GxG,ExE).

Proof. Let (a,b) € ExXE and (z,y) € G X G be arbitrary such that (x,y) = (z1,y1)0(z2,y2) for z1,22,y1,y2 €
G. Now,

Tryer@nl@n,y) o (@2,y2)] = Trygpap) (T1 022,91 0y2)

Ttrr(a) (@1 0w2) % Ty (Y1 0 y2)

v

(Ttas(a) (1) * Thyg (@) (@2)] * [Tpo ) (91) * Tpp ) (92)]
(as M, P are two NSGs )

= [Trya)@1) * Trp)(Y1)] * [Ty ) (@2) * Trp ) (y2)]
(as * is commutative )
- TfM@P(aJJ) ($1,y1) * Tf}\4®N(a,b)(x27y2) (10)

Itygranl(@,y1) 0 (x2,92)] = Ipygp(ap)(T1 022,91 0Y2)

Ity a) (w1 022) 0 Ty (Y1 0 2)
) o Lgya)(@2)] 0 [Lp @) (Y1) © Lppv) (Y2)]
Ufar(a)(®1) © Lpp ) (Y1)] © gy a) (T2) © Lpp () (y2)]

IfM@N(ab (xhyl)OIfM@P(a,b)(w%yQ) (11)

IA

[IfM (1‘1

FfM@jD(tl,b)[(Ilayl)O(I27y2)} = FfM®p(a b)(‘rlox27yloy2)

Fior(a)(@1022) 0 Fro)(y1 0 y2)

IN

[Fa@) (1) © Frypa)(@2)] © [Frpwy (1) © Frpw) (y2)]
Frar(a)(@1) © Fro@) (W)l © [Fry (a) (@2) © Frp) (y2)]

Frrioran) (@1,91) © Fryop(an) (T2, 92) (12)

Hence the theorem follows from (10), (11) and (12).

It can be easily verified from Table 11 taking u*v =uv and uov =u+v — uv. O
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Table 11. Table for direct product M ® P

(fml(a), fr(a))  (fm(a), fr(b)  (fm(a), fr(c))
(1,1) (0.5,0.6,0.4) (0.5,0.6,0.4)  (0.4,0.6,0.4)
(1,w) | (0.5,0.6,0.4)  (0.4,0.6,0.4)  (0.5,0.6,0.4)
(1,w?) | (0.5,0.7,0.4)  (0.5,0.6,0.4)  (0.5,0.6,0.4)
(w,1) (0.4,0.7,0.4)  (0.4,0.7,0.4)  (0.4,0.7,0.4)
(w,w) | (0.4,0.7,0.4)  (0.4,0.7,0.4)  (0.4,0.7,0.4)
(w,w?) | (0.4,0.7,0.4)  (0.4,0.7,0.4)  (0.4,0.7,0.4)
(w?2,1) | (0.3,0.8,0.5)  (0.3,0.8,0.5)  (0.3,0.8,0.5)
(w?,w) | (0.3,0.8,0.5)  (0.3,0.8,0.5)  (0.3,0.8,0.5)
(w?,w?) | (0.3,0.8,0.5)  (0.3,0.8,0.5)  (0.3,0.8,0.5)
(fa (), fr(a))  (fm(b), fp(b) (fam(b), fr(c))
(1,1) (0.3,0.6,0.7)  (0.3,0.6,0.7)  (0.3,0.6,0.7)
(1,w) | (0.3,0.6,0.7)  (0.3,0.6,0.7)  (0.3,0.6,0.7)
(1,w?) | (0.3,0.7,0.7)  (0.3,0.6,0.7)  (0.3,0.6,0.7)
(w,1) | (0.3,0.8,0.6)  (0.3,0.8,0.6)  (0.3,0.8,0.6)
(w,w) | (0.3,0.8,0.6)  (0.3,0.8,0.6)  (0.3,0.8,0.6)
(w,w?) | (0.3,0.8,0.6)  (0.3,0.8,0.6)  (0.3,0.8,0.6)
(w?,1) | (0.4,0.6,0.7)  (0.4,0.6,0.7)  (0.4,0.6,0.7)
(w?,w) | (0.4,0.6,0.7)  (0.4,0.6,0.7)  (0.4,0.6,0.7)
(w?,w?) | (0.4,0.7,0.7)  (0.4,0.6,0.7)  (0.4,0.6,0.7)
(fu(e), fr(a))  (fum(e), fr(b)  (famle), fr(c))
(1,1) (0.2,0.6,0.4)  (0.2,0.4,0.4)  (0.2,0.3,0.4)
(1,w) (0.2,0.5,0.4)  (0.2,0.5,0.4)  (0.2,0.3,0.4)
(17w2) (0.2,0.7,0.4) (0.2,0.6,0.4) (0.2,0.3,0.4)
(w,1) (0.5,0.6,0.6)  (0.5,0.4,0.6)  (0.4,0.3,0.6)
(w,w) | (0.5,0.5,0.6)  (0.4,0.5,0.6)  (0.5,0.2,0.6)
(w,w?) | (0.5,0.7,0.6)  (0.5,0.6,0.6)  (0.5,0.2,0.6)
(w?,1) | (0.3,0.6,0.4)  (0.3,0.4,0.4)  (0.3,0.3,0.4)
(w?w) | (0.3,05,04)  (0.3,0.5,0.4)  (0.3,0.3,0.4)
(w?,w?) | (0.3,0.7,04)  (0.3,0.6,0.4)  (0.3,0.3,0.4)

Definition 3.7. An NSG over (G, E) is said to be a simple NSG if it has no neutrosophic normal soft subgroup
other than ¢¢.

Example 3.7. 1. In the Example 3.1, the NSG P is not simple.
2. The NSG @ defined in Table 10 is a simple NSG as it has only a neutrosophic normal soft subgroup ¢g, .

Theorem 3.6. Every simple NSG is non-abelian unless all the neutrosophic soft elements of the group are

identical.

Proof. Let P be a simple NSG defined over (G, FE) whose atleast two neutrosophic soft elements are non-
identical. If all the neutrosophic soft elements of P are identical, then P is abelian whatever G is (abelian
/ non-abelian). For contrary, suppose P is abelian. Then G is abelian by Remark 3.2. Let M(# ¢g) be
a neutrosophic soft subgroup of P over (G,FE). Then M is an abelian NSG defined over (G, E) and so is a
normal neutrosophic soft subgroup of P by Remark 3.3. Thus P being a simple NSG has a normal neutrosophic

soft subgroup M (# ¢¢). This is a contradiction. Hence P is non-abelian. O
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Theorem 3.7. Every non-abelian NSG is simple.

Proof. Let M(# ¢¢) be a neutrosophic soft subgroup of a non-abelian NSG P defined over (G, E). Since P is

a non-abelian NSG, then G is non-abelian classical group and so M is non-abelian NSG over (G, E). It implies

M is non-normal, otherwise a non-abelian NSG P contains a normal neutrosophic soft subgroup M (# ¢¢)

which contradicts the Remark 3.3. Hence P is simple as M is arbitrary. O

4. Conclusion

In the present paper, the concept of NSC, Nysg, neutrosophic soft quotient group, direct product of NSGs

and simple NSG have been proposed in a new approach. These are illustrated with suitable examples also.

Several related properties and structural characteristics are investigated. Some theorems have been established

and verified by suitable examples. We extend these concepts in Nss theory context and expect further work in

this

setting.
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