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Abstract: In this study, an efficient and accurate Sine pseudo-spectral method is constructed for solving the nonlinear
Schrodinger equation with wave operator (NLSW). In this method, a modified leap-frog finite difference method is
adopted for time discretization and a Sine pseudo-spectral method is employed for spatial discretization. The proposed
method is proved to preserve the total energy in the discrete sense. We report several numerical results to show that,
without any restriction on the grid ratio, the proposed method is of spectral accuracy in space and second-order accuracy

in time. The energy conservation law of the proposed method is also verified numerically.
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1. Introduction

In this paper, we consider the nonlinear Schrédinger equation with wave operator (NLSW) in two dimensions
Opu — Au+ 30 + f(|lul>)u=0, (x,y) € R, t >0, (1.1)
with (I3, l2)-periodic boundary conditions
u(x +1,y,t) = u(z,y,t), u(z,y+lot) =ulz,yt), (z,y)€R? t>0, (1.2)

and initial conditions
u(z,y,0) = @(z,y), Owu(z,y,0)=v(x,y), (z,y)€R? (1.3)

where i = v/—1 is the complex unit, u = u(z,y,t) is the unknown complex-valued function, z, y is the spatial
variables, t is the time, A is the two-dimensional Laplace operator, f,¢, is three given functions .

NLSW is one of most important nonlinear Schrodinger-type equations, it is widely used to describe many
physical phenomena. In fact, the solution of the initial-periodic boundary value problem (1.1)-(1.3) satisfies the

following energy conservation law:

E(t) = /Q(|6tu|2 + | Vul? + F(|u?))dzdy = E(0), >0, (1.4)
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where F(p) = fop f(s)ds, and Q = [0,{1] x [0,l2] Hence, to design an energy-preserving and unconditionally
stable numerical scheme for solving NLSW is an interesting and important issue.

In the last several decades, various numerical methods have been developed in the literatures for solving
NLSW, including the finite difference method, the finite element method and the spectral method. Among
them, finite difference method is particularly popular[1-6]. Conservative finite difference schemes for NLSW in
one dimension are proposed in [6, 7], based on an a priori maximum estimate of the numerical solution, the
optimal error estimates are established. In [1], Bao and Cai presented a conservative but nonlinear Crank-
Nicolson finite difference scheme and a semi-implicit finite difference scheme for solving the NLSW with high
oscillation in time, where the temporal oscillatory nature is described by a small positive parameter ¢, they
established the uniform /% and semi- H! error estimates in a ingenious and rigorous way. Wang analysised a
semi-implicit compact finite difference (SICFD) method, and proved the uniform I, norm error bounds in ¢ to
be of O(h* +7) and O(h* + 72/ 3) with time step 7 and mesh size h for well-prepared and ill-prepared initial
date in [8].

In the study of finite element methods (FEMs), Galerkin FEMs were widely used. The optimal error
estimates are built in the sense by using the error-splitting technique along with the standard energy method
[9-11], where the choice of the time step size is independent of the spatial mesh size. Cai, He and Pan proposed
a conservative finite element method for solving the cubic NLSW, and established the optimal error estimate
in L?norm without any restriction on the grid ratio In [12].

In the field of spectral method, the Fourier pseudo-spectral method and the Sine pseudo-spectral method
are widely used method to solve differential equations, it converges exponentially fast in space if the exact
solution is smooth, i.e., it has spectral accuracy in space. In [13], Ji and Zhang proposed an exponential wave
integrator Fourier pseudo-spectral method in one dimension, they proved that the method has spectral accuracy
in space and second-order accuracy in time in H' norm. In [14], Bao and Cai proposed an exponential wave
integrator Sine pseudo-spectral (EWI-SP) method for NLSW with oscillatory characteristics in time, and they
analyzed that the EWI-SP method is of the uniform spectral accuracy in space and second order accuracy
in time for well-prepared initial data.Nevertheless, there are some restrictions on the grid ratios for two- and
three-dimensional cases.

In this work, we introduce an efficient Sine pseudo-spectral method for solving the nonlinear Schrodinger
equation with wave operator (1.1)-(1.3), and prove the conservation of the scheme.

The rest paper is organized as follows. In Section 2, we propose a SPS method for solving the NLSW,
and prove the conservation properties of SPS method. In Section 3, numerical results are reported to verified

effectiveness of the method and to confirm the conservation law.

2. Numerical methods and energy conservation

For a positive integer N, choose time-step 7 = T/N and denote the set of temporal steps to be

Q, = {tyltn, = nr,n = 0,1,2,..,N}, where 0 < T < Tpap with T4, the maximal existing time of

the solution; choose mesh size h; = l3/Mi,he = la/Ms with two positive integers M; and Ms, denote

h =max{hi,ha}, hmin = min{hy, hao}, the set of spatial points to be Qj = {(x;, yr)|(xj,yx) = (jh1,kh2),j =

0,1,2,..,M; — 1,k = 0,1,2,...., My — 1}, and denote the set of the grid points in space and time to be
b= Qp x Q.
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Given a grid function w = {w? [(z;, yx, tn) € O}, we denote

1 1 _ 1
2. . n n n n 2. n n n n n o __ n+1 n—1
0wy = gz (Wiman = 20jp F wiia k) Oywin = pa (Wi = 2wy Wik ) Wik = Slwhi wg)
1 1
+,..n n+1 n n o __ n+1 n—1
Ahw k= 6a:wj kT 5y 3.k 0y Wy = ;(U’j,k - wj,lc)> 5twj,k = E(wj,k — Wik )s

Let V = {u|u = {u;x|(z;,yx) € Q} and u is periodic } be the space of periodic gird function on €2j,. For any

two grid functions wu,v € Vy,, define the discrete inner product as

Mi—1 Ms—1
(u,v)p, = hihy E E Uj kUj ks
=0 k=0

where U is the complete conjugate of v.

For any grid function u € Vj,, the discrete L?—norms of v and its difference quotients, and the discrete

L*>°—norms of u are defined, respectively, as

||uHh = (uvu)hﬂ ||5:u||h = (&juvéjﬂru)hv H(S;_uHh = ((BLU’(SJU)M
uln1 = \/||53u||;2l +llogullz,  Julne = v (Anu, Apuln,  fullna = /Il + ulf
|ulln,2 = \/HUHZ +lulf g+ lulf o ulle = max Juggl.

(z5,yk)EQ

Here it should be pointed out that the discrete norms [0 u|[n, |0, w|[n, [uln,1, [uln2 defined above are mere
semi-norms of the grid function wu.

For the sake of Simplicity, we use u}, and U, to denote the exact value and the approximation of

w(xj, Yk, tn), respectively. We use C' to represents a general normal number independent of all discretized
parameters, which may have different values under different conditions. The mesh sizes hi, hy are chosen to
satisfy h < Chpin -

2.1. SPS approximation of spatial derivatives

. . 1’
Introduce an interpolation space S,,; as

S;\} = Span{gp(x)gq(y),p = 07 17 2a EE) Ml - 1a q= 07 17 2a ) M2 - 1}
with g,(z) and g4(y) are trigonometric polynomial given respectively by

- 9 My—1

Z sin(lprzp)sin(lpix),  gq(y) = A sin(mpayq)sin(musy), (2.1)
=1 =1

where py = 7+, pe = -
Define the interpolation operator Iy : L2(Q) — Sy, as

Mi—1Ms—1

Iyu(z,y) = Z Z (@, ye)g; () 9k (y), (2.2)
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where g;(z1) = 05, gr.(xm) = 03"
For a function u € L*(Q), to obtain the derivative 95052 Ipu(z,y), we differentiate (2.2) and evaluate

the resulting expression at the points (x;, yx),

My—1Ma—1 &1 g,

d®2 gm,
03" 02 Ingu(s, yr) = Z Z u(flvym)%(xj) 4
I=1 m=1

dys?

(y) = (DF,u(DY,) "),

where D? is an (M; — 1) x (M; — 1) matrix and DY, is an (My — 1) x (M — 1) matrix, respectively. With

elements given by

- d81gl 2 ]\/[1—1 5 . )
(D3)j0 = o (25) = A pz::l (Lpr)*sin(ppa @) sin(lp @),
Ms—1
dS?gl 2 9 . .
Dy — _ _
(DY, )ke,m dy> (Yx) L pz:; (Lp2)? sin(ppaym)sin(lpyr),

and u = u(z;, yx) is an (M; —1) x (My — 1) matrix. Note that D7 and DY are real symmetric/antisymmetric

matrices when s is even/odd. For second derivatives, we have

Ora Iy, i) = (D3, Oyylasu(zy, yr) = (D3)jk,
where the symmetry of D is used.
2.2. ESPS methed

By using the Sine pseudo-spectral method and the finite difference method to discrete the NLSW equation

(1.1)-(1.3) in space and in time, respectively, we obtain the following full-discrete numerical method
5t2 ;fk - (D%cUﬁ)j,k - (UﬁDg)j,k + iéthfk + f(|U;fk|2)U;fk =0, (2~3)

for n =1,2,..., N — 1. In order to start the above three-level method, we give the numerical solution at the
first time step by Taylor’s expansion,

2
-
U = (x5, y6) + 70(5, yk) + Eéf)(l‘j,yk), (2.4)

where
$(a,y) = Ap(z,y) —it(z,y) — f(le,y)|*)e(e, y).
For convenience, the SPS (2.3) can be written in a matrix form
SZU™ — D5U™ —U™DY +i6, U™ + f(JU"A)U™ = 0, (2.5)

forn=1,2,....N — 1, where U" = (U;fk) €Vy.

Here, we introduce two semi-norms over Vj, as follows

ol := /(~Dgv, 0} + (~vDY,0)n, v E Vi, (2.6)

11
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[vlz := /(D5 + vDY, Do + vDY), v € V. 2.7)

Define M; x M; matrix A% and My x M, matrix AY as follows

by using summation-by-parts formula and the definition of the semi-norms |- |, 1 and |- |2, we can see that
|U|i,1 = (—A3v,v)p, + (—vAY, V), |v|,2l’2 = (ASv +vAY, AJv +vAY)n, veEV, (2.9)

There is a lemma to prove that |v|; and |v|y are equivalent to |v|n1 and |v|p 2, before that, we need the

following two lemmas.

Lemma 2.1. [15] For matrices A%, A%, D3, DY, there exist relations
Ag :F]TLA%CFMN Ag:FJTJQAgFsz D% :F]TLAECFMN Dg:FIT/IQI\gFMz (210)

where Fyr is the discrete Fourier transform with elements (Far)j, = ﬁe’izﬁjk , F'y; is the conjugate transpose

matriz of Fr, and

4 jm
. )
A3 = diag(Aaz 0, Az 15 Aazg My —1),  Aagj = — s
1 1
4 km
Y _ s I 02
A; = de()\Ag,07>\Ag,1v "'7>‘A§’,M271)a /\Ag,j = —ﬁsm T
2 2

2 . .
. . — if 0<j<DM;/2,
A3 = diag(Apg 0, ADg 15 ADg My —1)s  ADgj = { 7 /
j—M:

if M/2<j< M,

- ) —v2 if 0<k<M,y/2,
AS = dlag()\Dg,o’)\Dg,l’ -~-a)\Dg,M1—1)7 )\Dg,k = { ;

7V£7M2 Zf MQ/Q S k S MQ.

Moreover, there are the following inequalities

2
T .
0<Aazj <Apg; < —I/\Agm J=0,1,..., My — 1,

2
0< Aay s < Apyy < —%AA“, k=0,1,.., My — 1.

Lemma 2.2. For A € CMi>xMi B c CM2XMz gpnd o, w € V},, there are the following identities

(Av,w)p, = (v, A*w)p, (vVB,w)p = (v,wB*)p.

12
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Lemma 2.3. For any grid function v € Vy,, there are the following inequalities

v
[v|p1 < |vi < §|U|h,1,

2
T
[v|p2 < |vl2 < Z'U h,2-

Theorem 2.1. The ESPS scheme (2.3)-(2.4) preserves the total energy in the discrete sense, i.e.,

E"=E’ n=1,2-.-,N—-1

3 9

where E™ is the called discrete energy defined as
n A +7rn||2 1 n+1|2 n|2 1 n+1 n
E™ = |16,U ||L2+§(\U 1+1U \1)+§(F + EF" 1)p.
Proof. Computing the inner product of (2.3) with U"*! — U"~! and taking the real part, we have
1 1
Re(6;U™, U™ = U™ 1)p = Re(5 D3 (U™ + U 1) + S (U™ + UM 1) DE,
U= U Re(F(UT YU, U = U = 0.
We denote the m-th term of above equation by I,,(m =1,2,3), i.e.,
L+ 1+ 13=0.
Direct calculation gives
Iy =[|6f UL — 167U 2
1 n n n n—
L= (U™ + U R) = (U™ + [0 )
Mi—1 My—1
Iy=hihy Y Y Re(f(USNUF U = US)
j=0 k=0

1 1
:§(F”+1 +F"1) - 5(F" + FnL).

Substituting (2.17)-(2.19) into (2.15) it is easy to get

157U = 167 U™ 2a + S (U™ R+ U 3) = S (U™ 410 B+ S (FH 4+ 1) — 5
where
Fit = Fob + Re2F (U P)UT (U = UY),

j=1,2,. My —1,k=1,2,.. My —1,n=1,2,..,N — 1,

Fl=F(U} L), j=12,..M —1k=1,2,.. M —1,

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(F"+F" 1 1)=0

(2.20)

(2.21)

13
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Fh =F(UNP), j=1,2,..M -1 k=1,2,.. M —1, (2.22)

This, together with the definition of E™, immediately gives

Er=FE"' n=1,2,..,N—1.

This completes the the proof. O

3. Numerical results

In this section, we carry out several numerical examples to show the performance of the proposed ESPS method.

Example 3.1. We consider the periodic-boundary and initial value problem of the NLS equation with wave
operator

Opu — Nu+ 0+ [ul*u=g, (z,9) €, t>0, (3.1)

in two-dimensional space with Q = [0,2x] x [0,27] , where the function g = g(x,y,t) is chosen correspondingly

to the exact solution
u(z,y,t) = sin(z) sin(y) exp(—it). (3.2)

Direct calculation gives that g(z,y,t) = (2 + |u(z,y, )| )u(z, y,t).

we test the convergence order in space and time directions, respectively. The convergence order is
calculated by the following formula

In(errorl/error2)

Order = = 51 /52)

(3.3)

where ds, errors (s = 1,2) are step size and the corresponding error with step size ds , respectively. To test
the convergence order in time direction, we choose sufficiently small grid size (M; = M, = 64) to ignore the
spatial error . Numerical results are given in s in Table 1. It is clear to see that a second-order convergence
in time direction can be explicitly observed in the discrete H' norm. To test the convergence order in spatial
direction, we choose sufficiently small time-step 7 = 1.0e — 4 to ignore the temporal error. It is shown that
the new method is spectrally accurate in space Table 2. We take g = 0 at the example and present numerical

results in Figure 1, to show the energy conservation of the ESPS.

Table 1. Time errors of ESPS at T=1.0 (Example 3.1)

T 0.01 0.02 0.04 0.08

||eN| |L2 | 6.2864e-05 | 2.5014e-04 | 9.8973e-04 | 3.6737e-03
order - 1.99 1.98 1.89

||eN| |gt | 6.3009e-05 | 2.5072e-04 | 9.9201e-04 | 3.6822e-4
order - 1.99 1.98 1.89

Table 2. Spatial errors of quadratic ESPS at T=1.0 (Example 3.1)

M, x My | 8x 8 16 x 16 32 x 32 64 x 64
eM][zz | 1.2346e-08 | 1.2346e-08 | 1.2312¢-08 | 1.2346¢-08
eM ([ | 1.3095e-08 | 1.2678¢-08 | 1.24156-08 | 1.2375e-08
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Figure 1. Total energy and its difference from the initial value computed with g = 0, My = My = 16,7 = 0.1
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