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Abstract: In this paper is to introduce and study the concepts of H*-1I,-sets, I-O-sets, H**-I,-sets, In-Oj-sets,

O**-I,-sets and O -1I,-sets in ideal nanotopological spaces.
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1. Introduction

The concept of nano topology was introduced by Lellis Thivagar et al (2013). which was defined in terms of
approximations and boundary region of a subset of an universe using an equivalence relation on it and also
defined nano closed sets, nano-interior and nano-closure.

K. Bhuvaneswari et al (2014) introduced and studied the concept of nano generalised closed sets in nano
topological spaces.

M. Parimala et.al (2017) introduced nano ideal generalized closed sets further developed. Rajasekaran
el.al (2018) introduced Simple forms of nano open sets in an ideal nano topological spaces. Nethaji et.al
(2019)introduced smei*- I, -open stes in ideal nanotopological spaces.

In this paper, we introduce and study the notions of H*-1I,,-sets, I,-O-sets, H**-I,-sets, I,- O} -sets,

O**-1,,-sets and Op-1I,,-sets in an ideal nanotopological spaces.

2. Preliminaries
In the rest of the paper, we denote a nano topological space by (U, N), where N’ = 7g(X). The nano-interior
and nano-closure of a subset A of U are denoted by I,,(A) and C,(A), respectively.

we denote a ideal nanotopological space by (U, N, I). The nano-interior and nano-closure of a subset A
of U are denoted by I*(A) and C}(A), respectively

Proposition 2.1. [5] A subset A of a space (U,N,I) is semi-I,-open <= C,(A) = C,(I}(A)).

n

Proposition 2.2. [10] The intersection of a pre-I, -open and n-open is pre-I, -open.
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Lemma 2.1. [10] Let (U,N,I) be a space and A subset of U. If H is n-open in (U,N,I), then HNC}(A) C
Cx(HNA).

Definition 2.1. [7] A subset A of a space (U,N,I) is nx-dense in itself (resp. n*-perfect and nk-closed) if
AC AY (resp. A=A, Ar C A).

Definition 2.2. A subset A of a space (U,N), is called a
. n-dense [12] if C,(A) =U,
. n-submaximal [12] if each n-dense subset of U is n-open.

. nano nowhere dense (briefly, n-nowhere dense) [3] if I,,(C,(4)) = ¢.

. nano locally closed (briefly, n-LC) [1] if A = H N K, where H is n-open and K is n-closed.

3. On novel subsets of (U,N,I)

Definition 3.1. A subset A of a space (U,N,I) is called a

. nano pre*-7I-closed (written in short as pre*-1I,-closed) if Cx(I,(A)) C A.

. nano a*-I-closed (written in short as a*-I,-closed) if C}(I,,(Cr(A))) C A.

. nano I-t-set (written in short as I,,-t-set) if I(A) = I} (Cn(A)).

. nano pre*-J-regular (written in short as pre*-1I,-regular) if A is pre-I,-open and pre*- T, -closed

. nano R*-I-set (written in short as R*-1I,-set) if A =P NQ, where P is nkx-open set and Q is I, -t-set

Example 3.1. Let U = {1,2,3,4} with U/R = {{1},{2},{2,3}} and X = {1,3}. After that N' =
{$,{1},{2,3},{1,2,3},U}. Let the ideal be I = {¢,{3}}.

. A={1,4} is pre* -1, -closed, a* -1, -closed, I, -t-set and R* -1, -set.
. B={1,2,4} is pre* -1, -regular.
Proposition 3.1. In a space (U,N,I),

1. nx-open = pre*-I,-open.
2. n-open = pre*-I,-open.

Proof. (i) Let A be a nx-open set in U. After that A = I1(A) C IX(C,(A)). As a result A is pre*-I,-open
inU.
(ii) Let A be a m-open set. After that A is nx-open. By (i), A is pre*-I,-open.

Example 3.2. In Example 5.1,
. A={3} is not nx-open but pre* -1, -open.
. B={1,2} is not n-open but pre* -1, -open.

Proposition 3.2. In a space (U,N,I), each nano pre-open set is pre* -1, -open.
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Proof. Let A be nano pre-open set in U. After that A C I,,(C,(A)) C I} (C,(A)). As a result A is pre*-I,-

open in U .

Example 3.3. Let U = {1,2,3,4} with U/R = {{2},{4},{1,3}} and X = {3,4}. After that N' =

{6,{4},{1,3},{1,3,4},U}. Let the ideal be I = {¢p,{4}}. As a result {1,2} is not nano pre-open but pre* -1, -
open .

Proposition 3.3. In a space (U,N,I), a subset A of U is semi-I, -closed in U <= A is I, -t-set in U.

Proof. A is semi-I,-closed in U <= U — A is semi-I,-open in U <= C:(U — A) = Cx(I,(U — A)) by

Proposition 2.1 < U — I}(A) = Cr(U — Cp(4)) = U — I}(Cp(A)) <= I:(A) = I;(C,(A)) <= A is
I, -t-set in U.

Remark 3.1. In a space (U,N,1T),

. nk-open set => R*-I, -set.

. each I, -t-set = R*-1I, -set.

Remark 3.2. The converses of the Remark 3.1 is not true as shown in the coming Example.
Example 3.4. In Example 5.1,

. A= {4} is not nk-open but R* -1, -set.

. B =1{1,2} is not I, -t-set but R*-I, -set.

Proposition 3.4. For a subset A of a space (U,N,I), the following are equivalent:

. A is nx-open.

. A is pre* -1, -open & R*-1, -set.

Proof. (1) = (2): (2) follows by Proposition 3.1(1) and Remark 3.1(1).

(2) = (1): Given A is R*-I,-set. So A = PN Q where P is nx-open and I(Q) = IX(C,(Q)). After that
A C P =1I}(P). Furthermore A is pre*-1I,-open implies A C I}(C,,(A)) C I’ (Cn(Q)) = I:(Q) by assumption.
Thus AC I}(P)NIXQ) =TI (PNQ)=I:(A) and hence A is nx-open.

Remark 3.3. In a space the family of pre* -1, -open sets & the family of R* -1, -sets are independent.
Example 3.5. In Example 5.1,

. A={3} is not R*-1,-set but pre* -1, -open.

. B ={4} is not pre*-I, -open but R*-I, -set.

Proposition 3.5. In a space (U,N,I),

. m%x-open =—> «a* -1, -open.

. n-open => «*-I,-open.
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Proof. (1) Let A be a nx-open set in U. After that A = I'(4) C C,(I}(4)). It implies that A = I;(A) C
I¥(Cn(IX(A))). As aresult A is a*-I,-openin U.
(2) Let A be n-open set U. After that A is nx-open. By (1), A is a*-I,-open.

Example 3.6. In Example 5.1,
1. A={3,4} is not nx-open but a*-I, -open.
2. B=1{1,2,4} is not n-open but o*-I, -open.

Proposition 3.6. In a space (U,N,I), each o* -1, -open is pre* -1, -open.

Proof. Let A be a a*-I,-open set in U. After that A C I}(C,(I*(A))) C I} (Cr(A)). As a result A is
pre*-1,-open in U.

Example 3.7. In Ezample 3.1, then {3} is not o* -1, -open but pre* -1, -open.

Proposition 3.7. In a space (U,N,I), each nano a-open is o* -1, -open.

Proof. Let A be a nano a-open set in U. After that A C I,(Cp(I,(A))) C IX(Cp(Ix(A))). As aresult A isa

a*-1,-open set in U.
Example 3.8. In Ezample 3.1, then {2} is not nano a-open but o* -1, -open.
Proposition 3.8. Let A be a subset of a space (U,N,I).

1. If A=Cx(I,(A)), After that A is o* -1, -closed in U.

2. If A=n-cl(l,(A)), After that A is o* -1, -closed in U .

Proof. (1) If A= C}(I,(A)), after that we obtain that C*(I,,(Cx(A))) =
Cr(In(Cr(I,(A)))) = Cr(In(A)) = A. As aresult A is a o*-I,-closed set in U.
(2) If A= C,L(I,(A)), after that we obtain that C}(I,(Cyx(A))) = Cx (I,
(CX(Ch(I(A))))) C Cr(In(Cr(I,(A)))) = Cr(In(A)) = A. As aresult A is an a*-I,-closed set in U.

Remark 3.4. In a space (U,N 1),
1. pre* -1, -reqular = pre-I, -open.
2. pre* -1, -reqular = pre* -1, -closed.
The converses of Remark 3.4 is not true as shown in the coming Examples.
Example 3.9. In Example 5.1,
1. A= {3} is not pre*-I, -reqular but pre-I, -open.
2. B = {4} is not pre* -1, -reqular but pre* -1, -closed.

Proposition 3.9. In a space (U,N,I), each a*-I,-open set is semi* -1, -open.

Proof. Let A be a a*-I,-open set in U. Then A C I(C,(I:(A))) C Cpr(IX(A)). Thus A is semi*-I,-open
inU.
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Example 3.10. In Ezample 3.1, then {1,4} is not o* -1, -open but semi* -1I,, -open.
Theorem 3.1. Let A be a subset of a space (U,N,I). After that A is a*-I,,-open <= A is semi* -1, -open

and pre* -1, -open.

Proof. Let A be a a*-I,-open set in U. Then A C I:(C,(I:(A))). It follows that A C C,(I5(A)) and
A CIXC,(A)). As aresult, A is semi*-I,-open and pre*-1I,-open.

Conversely, suppose that A is semi*-1,,-open and pre*-I,-open in U. After that A C C,(I[*(A)) and
A C IXC,(A)). Tt follows that A C I(Cy(A)) C I:(Cn(I%:(A))) which implies that A is a*-I,-open in U.

Remark 3.5. In a space the family of semi* -1, -open sets and the family of pre* -1, -open sets are independent.
Example 3.11. In Example 5.1,
. A={1,4} is not pre*-I, -open but semi* - I, -open.

. B ={3} is not semi* -1, -open but pre* -1, -open.

4. On novel an ideal nano sets
Definition 4.1. A subset A of a space (U,N,I) is called a

. nano Op-I-set (written in short as Oy-1I,,-set) if A= PNQ, where P is n-open and Q is pre*- I, -regular set.

. nano O**-J-set (written in short as O**-1,-set) if A = PN Q, where P is nx-open and Q is pre*- I, -regular
set.

. nano [-O-set (written in short as I,,-O-set) if A= P NQ, where P is n-open and Q is pre*- I, -closed.

. nano [-Op-set (written in short as I,,-Op-set) if A= PNQ, where P is nx-open and Q is pre*-I,,-closed.
. nano «-I-set (written in short as «-I,-set) if A = P NQ, where P is n-open and Q is o* -1, -closed.

. nano «o*-I-set (written in short as a*-1,-set) if A = PN Q, where P is nx-open and Q is «*- 1, -closed.

. nano H*-I-set (written in short as H*-I,-set) if A= P NQ, where P is n-open and @ = Cx(1,(Q)).

. nano H**-I-set (written in short as H**-I,-set) if A= P NQ, where P is an nx-open and Q = C,(I,(Q)).

Example 4.1. In Ezample 3.3, after that {1,3} is O, -1, -set, O** -1, -set, I,,-O-set, I,,-Oy-set, a-I,-set,
a* -1, -set, H* -1, -set and H** -1, -set.

Remark 4.1. In a space (U,N,1T),
. each n-open set is O -1, -set.
. each pre* -1, -reqular set is O} -1, -set.
The converses of Remark /4.1 is not true as shown in the following FExample.
Example 4.2. In Example 3.3,
. A= {3,4} is not n-open but O -1, -set.

. B ={1,3} is not pre*-1I,, -regular but Oy -I,, -set.
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Theorem 4.1. In a space (U,N,I), each O} -1, -set is pre-1I, -open.

Proof. Let A be Oy-1I,-set in U. It follows that A = PN @, where P is n-open and @ is pre*-I,-regular in
U. By Remark 3.4(1), Q is pre-I,-open. Since @ is pre- I, -open, by Proposition 2.2, A = PNQ is pre-I,,-open
set in U.

Example 4.3. Let U = {1,2,3} with U/R = {{1},{2,3}} and X = {1,3}. After that N = {¢,{2,3},U}.
Let the ideal be I = {¢,{2}}. As a result {1,3} is not Oy -1I,,-set but pre-1I,, -open.

Remark 4.2. The following diagram holds for any subset of a space (U,N,T).

pre* -1, -reqular

I

O, -1, -set — pre-1I,, -open

Remark 4.3. In a space (U,N,I),

. each pre* -1, -closed is I, -O -set.

. each o* -1, -closed is a «-1,, -set.

. for a subset A of Uif A= C}(I,(A)), then A is H*-I,, -set.

Example 4.4. In Example 3.3,

. A=1{1,3,4} is not pre*-I, -closed but I, -O -set.

. B =1{1,3} is not a*-1I,-closed but a-I, -set.

Remark 4.4. In a space (U,N,I), each n-open set is H* -1, -set.
Example 4.5. In Ezample 3.3, then {1,2,3} is not n-open but H*-I, -set.

Remark 4.5. The following diagram holds for any subset of a space (U,N,I).

0,-I,-set — I,-O-set
/]\

H*-I,-set — «-I,-set
Remark 4.6. The reverse implications in Remark /.5 are not true as shown in the following Fxample.
Example 4.6. In Example 5.3,
. A= {2} is not Op-1I,-set but I,,-O-set.
. B=1{1,2,3} is not a-I,-set but I, -O -set.
. C'=1{2,4} is not H* -1, -set but «-I, -set.

Theorem 4.2. For a subset A of a space (U,N,I), the following are equivalent:

. Ais I,-O-set and semi-I, -open in U.

. A=PnNCx(I,(A)) for n-open P.

10
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Proof. (1) = (2) : Since A is I,,-O-set, A= PNQ, where P is n-open and @ is pre*-I,-closed in U. We
have A C P and C}(I,(A)) C Cx(I,(P)) C P since P is pre*-I,-closed in U. Since A is semi-I,-open in U,
we have A C C!(I,(A)). It follows that A =ANCx(I,(A) =PNQNCLHI,(A) =PNCLI.(A)).

(2) = (1): Let A= PNC’(I,(A)) for n-open set P. Then A C C%(I,(A)) and thus A is semi- I, -open
in U. Since C}(I,(A)) is n*-closed set, by Proposition 3.1(1), it is pre*-1I,,-closed set in U. As a result, A is
I,-O-set in U.

Theorem 4.3. For a subset A of a space (U,N,I), the following are equivalent:
. Ais H* -1, -set.
. A is semi-I,, -open and « -1, -set.

. A is semi-I,, -open and I, -O -set.

Proof. (1) = (2): Suppose that A is H*-I,-set in U. It follows that A = PN Q, where P is n-open set
and Q@ = C}(I,(Q)). This implies that A = PNQ = PN Cx(I1,(Q)) C CH(P NI,(Q)) (by Lemma 2.1)
= CHint(P)NI,(Q)) C CH{I,(P)NI,(Q)) = CI.(PNQ)) = Cr(I,(A4)). As aresult A C C}(I,(A)) and
hence A is semi- I,,-open set. Moreover, by Remark 4.5, A is a-1I,-set in U.

(2) = (3): It follows from the fact that each «-I,-set is I,,-O-set in U by Remark 4.5.

(3) = (1): Suppose A is semi-I,-open and I,,-O-set in U. By Theorem 4.2, A = PN Cy(I,(A)) for
n-open set P. We have C%(I,(C*(I,(A)))) = Cx(I,(A)). It follows that A is H*-1I,-set in U.

Remark 4.7. In a space (U,N,I),

. each nx-open set is O** -1, -set.

. each pre* -1, -reqular set is O™ -1, -set.

The converses of Remark /.7 are not true as shown in the coming Example.
Example 4.7. In Example 5.3,

. A={1,4} is not nx-open but O**-I, -set.

. B={1,3,4} is not pre*-I, -reqular but O** -1, -set.

Remark 4.8. In a space (U,N,I),

. each pre* -1, -closed is I, -Oj -set.

. each o* -1, -closed is o -1, -set.

. For a subset A of U if A= Cp(I.(A)), as a result A is H** -1, -set.
Example 4.8. In Example 5.3,

. A= {2} is not pre* -1, -closed but I,,-O,, -set.

. B=1{1,3,4} is not o*-I, -closed but o* -1, -set.

Remark 4.9. The following diagram holds for any subset of a space (U,N,I).

11
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O**-I,-set — I,-Op-set
T
H**-I,-set — «o*-I,-set

Remark 4.10. The reverse implications in Remark /.9 are not true as shown in the coming Example.

Example 4.9. In Exzample 3.3,

. A={2} is not O**-1I,-set but I,,-Oy -set.

B = {1,4} is not a* -1, -set but I, -Oy; -set.

Example 4.10. In Ezample /.3, then {4} is not H** -1, -set but o* -1, -set.
Remark 4.11. In a space (U,N,I), each nx-open set is H** -1, -set.
Example 4.11. In Ezample 3.3, then {2,4} is not nk-open but H**-I,, -set.

Proposition 4.1. For a subset A of a space (U,N,I), the following are equivalent:

. A is nx-open.

A is o* -1, -open and H** -1, -set.

A is pre* -1, -open and H** -1, -set.

Proof. (1) = (2): (2) follows by Proposition 3.5(1) and Remark 4.11.

(2) = (3): (3) follows by Proposition 3.6.

(3) = (1): Suppose A is pre*-1I,-open and H**-1,-set. Since A is H**-1,-set, we have A =P NQ,
where P is nx-open set and Q = C,,(I,(Q)). It follows that I(C,,(Q)) C Cr(Q) C Cpn(Q) = Cr(Cr(1(Q))) =
Cn(In(Q)) = . This implies that @ is semi- I, -closed. By Proposition 3.3, @Q is I,,-t-set in U. By Definition

3.1(5), A is R*-1I,-set. Since A is pre*-I,-open and R*-1,-set, A is nx-open by Proposition 3.4.

Remark 4.12. The coming Example shows that

. In a space the family of o* -1, -open and the family of H** -1, -sets are independent.

In a space the family of pre* -1, -open and the family of H** -1,, -sets are independent.

Example 4.12. In Ezample 3.3,

. A=1{2,3} is not a*-I, -open but H**-I, -set.

B ={2,4} is not pre* -1, -open but H** -1, -set.
C = {1} is not H** -1, -set but pre* -1, -open.
Example 4.13. In Ezample /.3, then {3} is not H**-1I,, -set but o* -1, -open.

Theorem 4.4. For a subset A of a space (U,N,I), the following are equivalent:

. A s I,,-O5 -set and semi-I,, -open in U.

A=PNC;(I,(A)) for nk-open in P.

12
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Proof. (1) = (2) : Since A is I,-Op-set, A= PNQ, where P is nx-open and @ is pre*-1I,-closed in U. We
have A C P and C}(I,(A)) C Cx(I,(P)) C P since P is pre*-1I,-closed in U. Since A is semi-I,-open in U,
we have A C Cx(I,(A)). It follows that A= ANCK(I,(A)=PNnQNCx(I,(A)=PNCH(I,(A)).

(2) = (1): Let A=PnCr(I,(A)) for nx-openin P. Then A C C}(I,(A)) and thus A is semi- I,,-open
in U. Since C(I,(A)) is nx-closed, by Proposition 3.1(1), it is pre*-I,,-closed in U. Hence, A is I,,-Oj-set
inU.

5. Various style of an ideal nano locally closed sets

Definition 5.1. A subset A of a space (U, N,I) is called

. nano locally I-closed (written in short as I,,-LC) if A= PN Q, where P is n-open and Q is n-closed.
. nano locally I*-closed (written in short as I*-LC) if A = PN Q, where P is nx-open and Q is n-closed.

. nano x-I-locally closed set (written in short as x-I,,-LC) if A = PNQ where P is nx-open and Q is n*-closed.

weakly nano I-locally closed set (written in short as W-I,,-LC) if A = PN Q where P is n-open and Q is

nx-closed.

. nano I*-submaximal (written in short as I¥-submaximal) if every n-dense subset of U is nx-open.

Example 5.1. In Ezample 3.3, then {1,3} is I,-LC, I} -LC, x-1,-LC, W-1I,,-LC and I} -submaximal.

Remark 5.1. In a space (U,N,1T),

. each nx-open is I} -LC.

each n-closed is I} -LC.

The converses of Remark 5.1 are not true as shown in the coming Fxample.

Example 5.2. In Example 5.3,

. A={2} is not nx-open but I -LC.

B ={1,3} is not n-closed but I -LC.

Theorem 5.1. For a subset A of a space (U,N,I), the following are equivalent,

A is W-1,,-LC,

A=GNCK(A) for few n-open in G,

Cr(A) — A=A — A is n-closed,

(U—-A;))UA=AU (U - Cr(A)) is n-open,

ACI,(AU(U - A})).

Proof. (1) = (2) If A is W-1I,,-LC, then there exist n-open G and nx-closed, K such that A =GN K. But

A C GNC}(A). Since K is nx-closed, Cx(A) C C}(K) =K and so GNCx(A) C GNK = A. There fore
A=GnNCx(A).

13
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(2)=(3) Now AX —A=A;NU—-A4)=A;N{U—-(GNn-cl*(A))) = A, N (U — G). Therefore, A} — A
is closed.
(3) = (4) Since U—(A;;—A) = (U-AL)UA, (U—-A})UA is n-open. But, (U—AX)UA = AU(U-C}(A)).
(4) = (5) is clear.
(5)= (1) U-A; =1,(U—-A}) C I,(AU(U — A})) which implies that AU(U — A}) C I,(AU(U — A}))
and so AU (U — A}) is n-open. Since A= (AU (U — A4}))NCr(A), Ais W-I,-LC.
Proposition 5.1. For a subset A of a space (U,N,I), the following are equivalent:
. A is nx-open.

. A is pre* -1, -open and I} -LC.

Proof. (1) = (2): (2) follows by Proposition 3.1(1) and Remark 5.1(1).

(2) = (1): Given A is locally Ir-closed. So A = PN Q where P is nx-open and @ = Cp(Q). Then
ACP=1I;(P). Also A is pre*-I,-open implies A C I(C,(A)) C I (C,(Q)) = I(Q) by assumption. Thus
ACIHP)NINQ)=I(PNQ)=I;(A) and hence A is n*x-open.

Remark 5.2. In a space the family of pre*-I,-open and the family of locally If-closed(I}-LC)sets are

independent.

Example 5.3. In Example 5.3,

. A={1} is not I} -LC but pre* -1, -open.

B = {2} is not pre* -1, -open but I’ -LC.

Proposition 5.2. In a space (U,N,I), each n-LC is I} -LC.

Proof. Tt follows from the facts that n-closed and each n-open is nx-open.

The converse of Proposition 5.2 is not true as shown in the coming Example.
Example 5.4. In Ezample 4.3, then {3} is not n-LC but I} -LC.

Proposition 5.3. In a space (U,N,I), each n-submazimal is I} -submazimal.

Proof. Let A be n-dense in U. After that U = C,,(4) C C,(A) and U = C,,(A). Thus A is n-dense in U.

Since U is n-submaximal, A is n-open and hence nx-open in U. Hence, U is I}-submaximal.
Example 5.5. In Ezample 3.3, then {4} is not n-submaximal but I’ -submazimal.

Proposition 5.4. In a space (U,N,I), each nx-open set is semi* - I, -open.

Proof. Let A be nx-open set in U. After that A = I*(A) C C,,(I5(A)). As arsult A is semi*-I,-open in U.

Example 5.6. In Ezample 3.3, then {2,4} is not nx-open but semi* -1, -open.
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